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Abstract 
Obtaining faster hypersonic flight is highly sought after in the aerospace industry. The air-
breathing supersonic combustion ramjet, scramjet, provides the means to travel hypersonically, 
and thus enhancing the performance of scramjet components is encouraged. This thesis aims to 
provide insight into an optimal combustor geometry that can assist in the overall improvement 
of scramjet performance. Investigations are conducted into the validity of the quasi-one-dimen-
sional flow solver used to model the flow within a scramjet combustor. Additionally, a para-
metric solution is provided to model a smooth scramjet combustor geometry. Modelling the 
combustor area with a Bézier curve demonstrated significant changes in flow properties when 
compared to the Mach 12 REST combustor. An optimal internal combustor profile was mod-
elled with a Bézier curve controlled by 12 points, and had a combustor exit velocity of 2974.72 
m/s and an exit H2O mass fraction of 0.1127. This solution provided an optimal geometry from 
minimising product dissociation and maximising net thrust of the scramjet when assuming an 
isentropic nozzle and the same structural constraints as the Mach 12 REST combustor. The 
implementation of an optimisation routine and modelling of a nozzle are required to confirm 
the validity of this optimal area. 
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Chapter 1: Introduction 
The purpose of the air-breathing supersonic combustion ramjet, scramjet, is to travel at hyper-
sonic speeds [1], and it is thus necessary to determine the maximum amount of thrust a scramjet 
can produce for a particular design. Thrust is generated through a series of airflow manipula-
tions, starting with the deceleration and compression of airflow to supersonic speeds through a 
converging nozzle, and followed by the mixing and burning of fuel in the combustor [2]. At the 
scramjet outlet, rapid expansion of the heated air caused by the diverging nozzle creates positive 
thrust on the system [3]. 
Prior studies from [4, 5] indicate that flow field manipulation within the combustor can affect 
the combustion efficiency and thus the positive thrust on the system. This prompted the inves-
tigation into how changes in combustor geometry can affect the flow properties. The structural 
alterations to the chamber and their effects to achieve higher combustor performance include: 
minimising combustor length [6]; optimising residence time in the combustor [6, 7]; and 
minimising product (water) dissociation downstream which would assist in maximising heat 
release [7]. 
Previously, a quasi-one-dimensional solver was created by [8] that analyses a scramjet com-
bustor with the assistance of Eilmer code; a code which simulates transient and compressible 
gas flows in the second and third dimensions [9]. Utilizing these codes in conjunction with the 
listed combustor structural alterations could contribute to maximising thrust for a particular 
scramjet design. 
Investigations are conducted into the validity of the quasi-one-dimensional flow solver used to 
model the flow within a scramjet combustor. Additionally, a parametric solution is provided to 
model a smooth scramjet combustor geometry. Modelling the combustor area with a Bézier 
curve demonstrated significant changes in flow properties when compared to the Mach 12 
REST combustor. An optimal internal combustor profile was modelled with a Bézier curve 
controlled by 12 points, and had a combustor exit velocity of 2974.72 m/s and an exit H2O mass 
fraction of 0.1127. This solution provided an optimal geometry from minimising product dis-
sociation and maximising net thrust of the scramjet when assuming an isentropic nozzle and 
the same structural constraints as the Mach 12 REST combustor. The implementation of an 
optimisation routine and modelling of a nozzle are required to confirm the validity of this opti-
mal area. 
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1.1 Project Relevance and Goals 
The purpose of this project is to assist in the maximisation of scramjet thrust through the 
optimisation of the scramjet combustor chamber. An optimal geometry aims to simultaneously 
minimise the dissociation of water at the combustor outlet and encourage combustion to initiate 
rapidly after fuel is injected. Optimisation methods that utilise the quasi-one-dimensional solver 
and libraries from the Eilmer code would be required to achieve this.  
Prior to determining optimal area, it is aimed to validate the quasi-one-dimensional solver that 
is used to model the flow in the combustor. An investigation into the parametrisation of the 
scramjet combustor geometry is also required, since the set of parameters aim to assist in de-
fining the smooth area distribution along the combustor. The optimal area profile and hence the 
geometry of the scramjet is then intended to be determined for particular scramjet designs.  
An optimal combustor geometry aims to assist in the further enhancement of the scramjet for 
future flight. Furthermore, it is hoped that this project will provide insight to future enhance-
ments available within the aerospace industry, and inspire any readers. 
1.2 Scope of the Project 
The inclusions and exclusions of the project are outlined in Table 1.1.  
Table 1.1: Project scope inclusions and exclusions. 
Inclusions of the Project Exclusions of the Project 
Parametrisation of the scramjet combustor 
geometry and smooth area modelling. 
Selection of scramjet material, exhaust 
nozzle and inlet geometry. 
Determining optimal combustor geometry 
for a particular scramjet design through 
optimising positive thrust on the scramjet.  
Enhancing positive thrust on the 
scramjet from additional sources other 
than the combustor. 
Validation of the quasi-one-dimensional 
solver. 
Multi-directional properties of the fluid 
flow within the combustor. 
Modelling of combustor within Python – a 
coding tool that has Eilmer 3 code 
embedded and in which the quasi-one-di-
mensional code is written. 
Operation of modelling the combustor 
outside of Linux – operating system that 
has the Python required to run Eilmer 
code. 
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The assumptions valid throughout the entirety of the project include: 
• An elliptical cross-section for the scramjet combustor geometry; 
• The exhaust nozzle is isentropic with no losses; 
• The scramjet is Hydrogen fuelled, with fuel injected at a set distance into the combustor; 
• Flow only acts in the axial direction; and, 
• The scramjet material can withstand high operational temperatures. 
1.3 Chapter Summary 
A brief description of each chapter is outlined below. 
Chapter 2: This section provides an investigation of the prior art relating to scramjet combustors 
and smooth geometries. This investigation provides the foundation for the concepts required 
when modelling combustor area and validating the quasi-one-dimensional flow solver. 
Chapter 3: This chapter outlines the methodological approach to modelling smooth scramjet 
combustor geometries, and provides validation of previously written code that analyses flow 
properties along a scramjet combustor length. 
Chapter 4: A detailed summary of the findings from analysing scramjet combustor geometries 
can be seen in this chapter.  
Chapter 5: The conclusions and recommendations for future works are outlined in this section. 
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Chapter 2: Literature Review 
2.1 Motivation for Optimizing Scramjet Combustor 
The study conducted by [5] focused on improving scramjet performance through the manipu-
lation of the flow field. The Mach 12 Rectangular-to-Elliptical Shape Transition (REST) com-
bustor injection scheme from [10] is compared to that of a manipulated jet fuelling scheme 
(MJ5c) [5], as shown in Figure 2.1. The results identified that manipulation to flow field due to 
fuel injections can enhance the combustion and entrainment efficiencies within the combustor. 
It was concluded that manipulation to the combustor geometry can also affect the flow field 
and hence improve the performance of the scramjet.  
 
Figure 2.1: Comparison of entrainment and combustion efficiencies for flow fields [5]. 
A paper from [4] investigated the effects on scramjet performance to small variations in com-
bustor shape through the addition of small parabolic cavities, parabolic bumps and zigzag sur-
faces. The findings from [4] in Figure 2.2 shows that the combustion and mixing efficiencies 
varied with the combustor alterations. It was induced that more substantial variations in com-
bustor geometry can also affect the mixing and combustion efficiencies, and hence the perfor-
mance of the scramjet.  
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Figure 2.2: Combustor alterations and changes with (a) mixing efficiency and (b) combustion efficiency [4]. 
The combination of the studies [4, 5] encouraged the investigation to determine the combustor 
shape that optimises the performance of the scramjet through generating positive net thrust.  
2.2 Quasi-One-Dimensional Solver 
A previous study conducted by [8] analyses the supersonic flow within a scramjet combustor. 
A quasi-one-dimensional solver created by [8] based on the finite-rate chemistry analysis from 
[11-13] determines the flow properties along the length of the combustor when inputting area 
variation and vehicle flight conditions. This study assumed the fuel in the scramjet to be Hy-
drogen, and when injected to the combustor, would mix with air and ignite. The species in-
volved in the 18-ignition reaction scheme included H, O, H2, N2, O2, HO2, H2O, H2O2, and OH. 
The flow conditions that were assumed by [8] to enter the combustor are outlined in Table 2.1. 
Table 2.1: Scramjet combustor inlet flow conditions assumed by [8]. 
Variable Combustor Property Assigned Value 
𝝆𝒊 Density 0.1023 kg/m
3 
𝑽𝒊 Velocity of the flow 3027 m/s 
𝑴𝒊 Mach number 4.02 
𝑻𝒊 Inlet temperature 1560 K 
𝒑𝒊 Inlet pressure 44.502 kPa 
 
The analysis from [8] compares the flow properties for various combustor geometry configura-
tions, including the Mach 12 REST, diverging area and constant area combustors. Table 2.2 
shows a summary of the comparison between the area variations from [8].  
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Table 2.2: Summary of findings from flow comparisons for area variation [8]. 
 Mach 12 REST Diverging Area Constant Area 
Inlet Area (𝑨𝒊, × 𝟏𝟎
−𝟑m2) 1.721 1.721 1.721 
Outlet Area (𝑨𝒄, × 𝟏𝟎
−𝟑m2) 3.442 3.442 1.721 
Combustor Length (𝑳, m) 0.337 0.337 0.337 
Onset of Divergence (𝑳𝟏, m) 0.121 0.0 - 
Exit Density (𝝆𝒄, kg/m
3) 0.053 0.054 0.118 
Exit Velocity (𝑽𝒄, m/s) 2967 2934 2685 
Exit Mach Number (𝑴𝒄) 3.03 3.06 2.50 
Exit Temperature (𝑻𝒄, K) 2591 2482 3134 
Exit Pressure (𝒑𝒄, kPa) 39.88 38.67 106.7 
Exit Water Mass Fraction (𝒀𝑯𝟐𝑶) 0.115804 0.112517 0.110053 
 
As shown in Table 2.2, there were significant differences in flow properties for the different 
areas presented in the paper, such as temperature and the mass fraction of the water exiting the 
flow. The results from this paper indicate that a change in combustor area can have a significant 
effect on the flow properties through the combustor, and hence suggests that an optimal geom-
etry can be determined.  
2.3 Combustor Modelling and Parametrisation 
2.3.1 The Mach 12 REST Combustor 
The Mach 12 REST engine from [10] is a scramjet design that incorporates a constant area 
followed by a diverging area combustor, as shown in Figure 2.3. The constant and diverging 
combustor regions are denoted by ‘E’ and ‘F’ in Figure 2.3, respectively. In the analysis from 
[8, 10], the cross-section of the combustor was identified to be elliptical in shape, with a semi-
major axis of 31.05 mm and an aspect ratio of 1.76. The diverging section expands to twice the 
original size of the constant area chamber.  
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Figure 2.3: Side view of the Mach 12 REST engine [10]. 
The inlet of the combustor was computed to have a cross-sectional area of 1.721× 10−3 m2 and 
the end of the diverging section had an area of 3.442 × 10−3 m2. The internal area profile of 
the Mach 12 REST combustor (Figure 2.4) was generated based on the inlet and outlet areas, 
the combustor length of 0.337 m and the 0.121 m onset of divergence [8, 10]. 
 
Figure 2.4: The Mach 12 REST combustor area profile [8, 10]. 
 
2.3.2 Constant Area Profile Combustor 
The constant area profile combustor from [8] was assumed to have the same length and initial 
cross-section area of the Mach 12 REST combustor. With no onset of divergence, this combus-
tor has a constant cross-sectional area of 1.721× 10−3 m2 for a total length of 0.337 m. 
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2.3.3 Structural Limits of Combustor  
The major variations in flow properties from [8] were consistently found to occur at 
approximately 0.22 m from the combustor inlet. The species mass fractions and some flow 
properties were found to plateau near 0.35 m from the combustor inlet [8]. As it is necessary to 
include all of the critical changes in flow properties, this indicates that the combustor should 
have a minimum length of 0.22 m. The analysis from [8, 10] also suggests that having an un-
constrained combustor height would be beneficial; allowing for any possible internal area con-
figurations.  
2.3.4 Parametric Points in Combustor 
When considering the study from [4], although the addition of small and abrupt area variations 
altered the efficiency of the combustor, a smoother area variation is preferred for the structural 
integrity and simplicity of the combustor design. A curve-fit over a set of parameters is thus 
investigated. Only a few parametric points are required to model the combustor to maintain the 
combustor simplicity, since too many points may result in sudden changes in geometry and thus 
unfeasibility in combustor design.  
A study from [6] investigated the parametrisation of a scramjet combustor and found that 12 
design points were necessary to obtain reasonable results given their set of data. An initial com-
bustor model involved 12 control points spread out along the combustor length, with the curve 
of the combustor modelled from a Bézier curve (see Figure 2.5).  
 
Figure 2.5: Bézier curve from 12 control points to model the scramjet combustor geometry [6]. 
There were two identified radial positions for the control points; 0.485 m for the first eight 
points and 0.15 m for the last four points [6]. As shown in Figure 2.5, the shape of the curve is 
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controlled by the location of the set points. Through varying combustor length and location of 
the control points, the study from [6] identified, for their data, the combustor design that would 
generate the maximum axial thrust (see Figure 2.6). As there were six control points at the 
beginning of the combustor, a similar Bézier curve may have been produced with only seven 
control points.  
 
Figure 2.6: Optimised scramjet combustor geometry modelled with a Bézier curve and varying the 12 control 
points [6]. 
 
2.3.5 B-Spline 
Once the parametric domain is selected and control points specified, a B-spline global interpo-
lation or global approximation can be implemented to create a smooth surface combustor.  In 
both cases, the B-spline of degree 𝑝 is of the form in Equation 1, where 𝑃𝑘 (𝑘 = 1, … , 𝑁) are 
the data points in a given set [14]. The global curve interpolation involves finding a B-spline 
curve of degree 𝑝 that pass through each data point from a given set [15], and thus could gen-
erate an unreasonable curve for the manufacturing of the scramjet. The global curve approxi-
mation eliminates the need for many design parameters and intersects the first and last points 
in the data [15]. The unknown control points 𝒅𝑖 are determined through the minimisation of 𝑓 
in Equation 2 with base functions 𝐵𝑖(𝑢, 𝑣) and smoothing controller 𝜆 [14, 15]. 
 
𝒙(𝑢, 𝑣) = ∑ 𝐵𝑖(𝑢, 𝑣)𝒅𝑖
𝑛
𝑖=0
 (1) 
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𝑓 = ∑ |∑ 𝐵𝑖(𝑢𝑘, 𝑣𝑘)𝒅𝑖
𝑛
𝑖=0
− 𝒑𝑘|
2
+ 𝜆 ∬(𝑥𝑢𝑢
2 + 2𝑥𝑢𝑣
2 + 𝑥𝑣𝑣
2 )𝑑𝑢 𝑑𝑣
𝑁
𝑘=1
 (2) 
 
2.3.6 Bézier Curve 
Bézier curves are polynomial curves parametrised by 𝑡 ∈ [0,1] and defined by 𝑛 + 1 control 
points 𝑷𝑘, where 𝑘 = 0, … , 𝑛 [16], and have the form outlined in Equation 3. The Bernstein 
basis functions 𝐵𝑖
𝑛(𝑡) [16, 17] are of the form defined in Equation 4, with the Binomial coeffi-
cient defined in Equation 5 [16]. 
 
(𝒃0
𝑛(𝑡))
𝑇
= ∑ 𝐵𝑖
𝑛(𝑡)𝑷𝑖
𝑇
𝑛
𝑖=0
 (3) 
 𝐵𝑖
𝑛(𝑡) = (
𝑛
𝑖
) (1 − 𝑡)𝑛−𝑖𝑡𝑖  (4) 
 
(
𝑛
𝑖
) =
𝑛!
𝑖! (𝑛 − 𝑖)!
 (5) 
 
In matrix notation, the Bézier curve of degree 𝑛 can be identified from Bernstein matrix 𝐵(𝑡) 
for 𝒕 = [𝑡1, … , 𝑡𝑚]
𝑇 (𝑡𝑖 ∈ [0,1]) and the control point matrix 𝑃 [18], outlined in Equations 6-8. 
 (𝒃0
𝑛(𝒕))
𝑇
= 𝐵(𝑡)𝑃 (6) 
 
𝐵(𝒕) = [𝐵0
𝑛(𝒕) … 𝐵𝑛
𝑛(𝒕)] = [
𝐵0
𝑛(𝑡1) 𝐵1
𝑛(𝑡1) … 𝐵𝑛
𝑛(𝑡1)
𝐵0
𝑛(𝑡2) 𝐵1
𝑛(𝑡2) ⋯ 𝐵𝑛
𝑛(𝑡2)
⋮ ⋮ ⋱ ⋮
𝐵0
𝑛(𝑡𝑚) 𝐵1
𝑛(𝑡𝑚) ⋯ 𝐵𝑛
𝑛(𝑡𝑚)
] (7) 
 
𝑃 = [
𝑷0
𝑇
⋮
𝑷𝑛
𝑇
] = [
𝑥0 𝑦0
⋮ ⋮
𝑥𝑛 𝑦𝑛
] (8) 
 
To determine the Bézier curve that maps a given set of 𝑚 data points 𝒅𝑖 (𝑖 = 1, … , 𝑚) con-
tained in matrix D from the selection of the control points in P, the minimisation of Equation 9 
is required [18]. The Frobenius norm is used to evaluate this minimisation [18] as shown in 
Equation 10, resulting in Equation 11. 
 ‖𝐵(𝒕)𝑃 − 𝐷‖𝐹 (9) 
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‖𝐴‖𝐹 = (∑ ∑|𝑎𝑖𝑗|
2
𝑛
𝑗=1
 
𝑚
𝑖=1
)
1
2
 (10) 
 
‖𝐵(𝒕)𝑃 − 𝐷‖𝐹 = (∑ ∑|(𝐵(𝒕)𝑃 − 𝐷)𝑖𝑗|
2
𝑛
𝑗=1
 
𝑚
𝑖=1
)
1
2
 (11) 
 
2.4 Thrust Generation 
The governing equation for the generation of thrust from a scramjet is given by Equation 12 
[19], where the exit of the nozzle is denoted by subscript 𝑒 and the freestream air flowing into 
the scramjet is denoted by the subscript 0.  
 𝐹 =  ?̇?𝑒𝑉𝑒 − ?̇?0𝑉0 + (𝑝𝑒 − 𝑝0)𝐴𝑒 (12) 
 
Since the performance and design of the nozzle are considered beyond the scope of the project, 
a nozzle that performs isentropically without loses can be considered. This indicates that isen-
tropic flow relations are valid. Another assumption considered includes the perfect expansion 
of the air exiting the nozzle, such that the exit pressure 𝑝𝑒 is the same as the ambient pressure 
𝑝0. These assumptions can assist in enabling the thrust solution to be heavily dependent on the 
performance of the combustor. 
Both the mass flow rate exiting the nozzle, ?̇?𝑒, and the mass flow rate of air entering the scram-
jet, ?̇?0, can be included in the analysis to assist in small deviations in results.  
The final formula for the thrust produced from the scramjet in Equation 13 is predominantly 
based on the performance of the combustor. The isentropic flow relations to determine the exit 
velocity 𝑉𝑒 are given through Equations 14 – 16 [19, 20]. The gas constant and specific heat 
ratio are shown as 𝑅 and 𝛾 respectively, and the inlet to the nozzle corresponding to the exit of 
the combustor is denoted by subscript 𝑐. 
 𝐹 =  𝑚𝑒̇ 𝑉𝑒 −  𝑚0̇ 𝑉0 (13) 
 𝑉𝑒 = 𝑀𝑒√𝛾𝑅𝑇𝑒 (14) 
 
𝑇𝑒 = 𝑇𝑐
1 +
𝛾 − 1
2 𝑀𝑐
2
1 +
𝛾 − 1
2 𝑀𝑒
2
 (15) 
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𝑀𝑒 = √
2
𝛾 − 1
[(
𝑝𝑐
𝑝0
)
𝛾−1
𝛾
(1 +
𝛾 − 1
2
𝑀𝑐2) − 1] (16) 
 
2.5 Optimising Thrust 
It is evident from Equation 13 that the optimal thrust of the scramjet occurs when the difference 
between the exit velocity and the freestream velocity is at its greatest. This indicates that opti-
mal scramjet thrust corresponds to optimal exit velocity. When combining Equations 14 – 15, 
it is shown that the exit velocity depends on the state of the flow exiting the combustor (Equa-
tion 17). This indicates that in order to optimise thrust, an optimal combination of temperature, 
pressure and Mach number exiting the combustor must exist.  
 
𝑉𝑒 = √
2𝛾𝑅𝑇𝑐
𝛾 − 1
[(1 +
𝛾 − 1
2
𝑀𝑐2) − (
𝑝0
𝑝𝑐
)
𝛾−1
𝛾
] (17) 
 
To optimise the flow conditions exiting the combustor, the parametric points defining the 
change in area also need to be varied. The technique to modify these parameters would be to 
evaluate the exit flow properties at each parametric point, i.e. hold all points constant except 
for the one varying and repeat for each parametric point. The exit flow properties would then 
be a function of each parametric point, and the optimal geometry combination would be found 
by solving these functions simultaneously.  
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Chapter 3: Modelling Approach 
3.1 Scramjet Inlet Conditions and Set Parameters 
Prior to the investigation into the quasi-one-dimensional solver, some parameters were assumed 
constant and remained the same to maintain consistency with results. These parameters and 
flow properties were based on the findings from [8, 10]. The freestream conditions (inlet con-
ditions to the scramjet) assumed flight occurred at an altitude of 36 km, and were based on the 
information from [21].  
Table 3.1: Properties assumed constant throughout the scramjet flow analysis. 
Variable Property Value 
𝑨𝒊 Combustor inlet area 1.721× 10
−3 m2 
𝑨𝒄 Combustor outlet area 3.442× 10
−3 m2 
𝑳 Combustor length 0.3367 m 
𝑽𝒊 Combustor inlet velocity 3027 m/s 
𝝆𝒊 Combustor inlet density 0.1023 kg/m
3 
𝑴𝒊 Combustor inlet Mach Number 4.02 
𝑻𝒊 Combustor inlet temperature 1560 K 
𝒑𝒊 Combustor inlet pressure 44.502 kPa 
𝑻𝟎 Freestream temperature 249.05 K 
𝒑𝟎 Freestream pressure 509.14 Pa 
𝝆𝟎 Freestream density 7.1221× 10
−3kg/m3 
𝑴𝟎 Initial freestream Mach Number 2.603 
𝜸𝟎 Freestream specific heat ratio 1.391 
𝑪𝒇 Coefficient of friction 0.002 
 
The inlet and outlet of the combustor were assumed to have fixed areas for ease of comparison 
when varying internal combustor area. These areas are assuming an elliptical shape for the 
combustor cross-section. The semi-major axis of the ellipse at the inlet is assumed to be 31.05 
mm, with an aspect ratio of 1.76 for the ellipse (i.e. the semi-minor axis is 17.64 mm). The 
combustor exit area is calculated as twice the area of the inlet with the same elliptical aspect 
ratio of 1.76.  
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Although the identified freestream conditions were assumed, any reasonable freestream values 
could be considered since it was assumed that the properties at the combustor inlet could be 
achieved by compressing the freestream flow through the scramjet inlet. This was deemed a 
reasonable assumption, as the freestream conditions would only be required for the calculation 
of thrust from flow conditions exiting the nozzle. As long as the freestream conditions were 
kept constant, the thrust could be easily compared for varying area combustors. The formation 
enthalpies of the species, ℎ𝑓𝑖, are initially assumed to be zero for the purposes of this analysis 
and ease of comparison.  
3.2 Quasi-One-Dimensional Solver 
3.2.1 Enthalpies of the Species 
During the familiarisation and validation of the quasi-one-dimensional code created by [8], it 
was found that the trend in stagnation enthalpies was irregular. This led to the further analysis 
of the flow enthalpies from papers [11-13]. It is to be noted that the third generation of CHEM-
KIN was used for the analysis (CHEMKIN-III), whereas the prior investigations by [8, 11] refer 
to CHEMKIN-II.  
Throughout the analysis from [8]: 𝑎1−7 are curve fit constants dependent on the species 𝑖, stand-
ard state enthalpy and temperature 𝑇 (K); 𝑐𝑝 relates to the specific heat (kJ/kg); ?̇? is the mass 
flow rate (kg/s); 𝑅𝑢 is the universal gas constant (J/(kmol-K)); 𝑥 is the axial coordinate along 
the combustor (m); 𝑀𝑊𝑖 is the molecular weight of the species (kg/kmol); 𝑌𝑖 is the species mass 
fractions; 𝑈 is velocity (m/s); and, 𝑓 refers to the species added for fuel injection. 
Within the quasi-one-dimensional solver and following analysis from [8], the specific heats for 
the species at a given temperature were found using the Equations 18 and 19.  
 
𝑐𝑝𝑖 =
𝑅𝑢
𝑀𝑊𝑖
(𝑎1𝑖𝑇
−2 + 𝑎2𝑖𝑇
−1 + 𝑎3𝑖 + 𝑎4𝑖𝑇 + 𝑎5𝑖𝑇
2 + 𝑎6𝑖𝑇
3 + 𝑎7𝑖𝑇
4) (18) 
 
?̃?𝑝𝑖 =  
𝑅𝑢
𝑀𝑊𝑖
(−2𝑎1𝑖𝑇
−3 − 𝑎2𝑖𝑇
−2 + 𝑎4𝑖 + 2𝑎5𝑖𝑇 + 3𝑎6𝑖𝑇
2 + 4𝑎7𝑖𝑇
3) (19) 
 
This was based on the calculation 
𝑑𝑐𝑝𝑖
𝑑𝑥
= ?̃?𝑝𝑖
𝑑𝑇
𝑑𝑥
 outlined in [8, 11], which implies that when 
multiplying by 
1
𝑑𝑇
 throughout, 
𝑑𝑐𝑝𝑖
𝑑𝑇
= ?̃?𝑝𝑖. Once the specific heats for each species are found, 
the overall specific heat is given by Equations 20 – 22 and the enthalpy is then calculated 
through Equation 23. The value ℎ̂ assists in velocity, density and pressure profiles.  
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 𝑐𝑝 = ∑ 𝑐𝑝𝑖
𝑖
𝑌𝑖 (20) 
 ?̃?𝑝 = 𝑐𝑝 + 𝑇 ∑ ?̃?𝑝𝑖
𝑖
𝑌𝑖 (21) 
 
?̂?𝑝 = ?̃?𝑝 −
?̇?𝑓
?̇?
{𝑐𝑝𝐻2 + ?̃?𝑝𝐻2𝑇} 
(22) 
 ℎ̂ = ?̂?𝑝𝑇 (23) 
 
The stagnation enthalpy is calculated through Equation 24, with the enthalpy of the species 
evaluated from Equation 25. According to [8], the formation enthalpy of the species, ℎ𝑓𝑖, are 
constants evaluated at a reference temperature, 𝑇𝑟𝑒𝑓, of 0 K.  
 
ℎ0 =
𝑈2
2
+ ∑ ℎ𝑖𝑌𝑖
𝑖
 (24) 
 ℎ𝑖 = ℎ𝑓𝑖 + 𝑐𝑝𝑖(𝑇 − 𝑇𝑟𝑒𝑓) (25) 
 
To understand the analysis conducted from [8], it was necessary to back-log to the original 
derivations of the finite rate chemistry from [11, 12] and enthalpy species from [13].  
The analysis from [13] shows the dimensionless ratio relating molar heat capacity at constant 
pressure, 𝐶𝑝
0(𝑇), to curve fit constants and temperature, given in Equation 26. This is then in-
tegrated once with respect to 𝑇 to obtain the standard state molar enthalpy (Equation 27). In 
this paper [13], the universal gas constant 𝑅𝑢 has a value of 8.314J/(mol-K), and 𝑏1 is an inte-
gration constant.  
 𝐶𝑝
0(𝑇)
𝑅𝑢
= (𝑎1𝑇
−2 + 𝑎2𝑇
−1 + 𝑎3 + 𝑎4𝑇 + 𝑎5𝑇
2 + 𝑎6𝑇
3 + 𝑎7𝑇
4) (26) 
 
𝐻0(𝑇) = 𝑅𝑢 (−𝑎1𝑇
−1 + 𝑎2 ln 𝑇  + 𝑎3𝑇 + 𝑎4
𝑇2
2
+ 𝑎5
𝑇3
3
+ 𝑎6
𝑇4
4
+ 𝑎7
𝑇5
5
+ 𝑏1) (27) 
 
At temperature 𝑇 for standard state, 𝐶𝑝
0(𝑇) is the molar heat capacity at constant pressure and 
𝐻0(𝑇) is the corresponding standard state molar enthalpy [13]. It is also known that the specific 
enthalpy ℎ𝑖 and standard state enthalpy 𝐻
0(𝑇) are related from Equation 28 [12]. After the spe-
cific enthalpy is written in terms of the curve fit constants, it can then be divided by T to obtain 
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the specific heat of the species 𝑐𝑝𝑖 (Equation 29). The modified specific heat ?̃?𝑝𝑖 of the species 
(Equation 30) is determined by taking the derivative of 𝑐𝑝𝑖 with respect to T.  
ℎ𝑖 =
𝐻0(𝑇)
𝑀𝑊𝑖
 (28) 
𝑐𝑝𝑖 =
ℎ𝑖
𝑇
=
𝑅𝑢
𝑀𝑊𝑖
 (−𝑎1𝑇
−2 + 𝑎2
ln 𝑇
𝑇
 + 𝑎3 + 𝑎4
𝑇
2
+ 𝑎5
𝑇2
3
+ 𝑎6
𝑇3
4
+ 𝑎7
𝑇4
5
+
𝑏1
𝑇
) (29) 
?̃?𝑝𝑖 =
𝑅𝑢
𝑀𝑊𝑖
 (2𝑎1𝑇
−3 + 𝑎2
1 − ln 𝑇
𝑇2
 +
1
2
𝑎4 +
2
3
𝑎5𝑇 +
3
4
𝑎6𝑇
2 +
4
5
𝑎7𝑇
3 − 𝑏1𝑇
−2) (30) 
 
The value of the integration constant 𝑏1 varies for each species utilised in the flow analysis. 
determined for the specific species from [13].  
3.2.2 Integration Constants for Species 
The integration constants for each species were determined from [13], and are shown in Table 
3.2 for varying temperature conditions in the combustor.  
Table 3.2: Species integration constants for varying temperature conditions in the combustor that were added to 
the quasi-one-dimensional solver. 
 Integration Constant, 𝒃𝟏 
Species 200 K – 1000 K 1000 K – 6000 K > 6000 K 
H 2.547370801e+04 2.547486398e+04 1.067638086e+06 
O 2.840362437e+04 3.392428060e+04 8.890942630e+05 
H2 2.682484665e+03 5.339824410e+03 2.488433516e+06 
N2 7.108460860e+02 1.283210415e+04 4.938707040e+06 
O2 -3.391454870e+03 -1.689010929e+04 2.293554027e+06 
HO2 -5.873350960e+03 -3.200817190e+04 - 
H2O -3.303974310e+04 -1.384286509e+04 - 
H2O2 -2.494004728e+04 1.418251038e+04 - 
OH 2.991214235e+03 2.019640206e+04 1.468393908e+06 
 
When considering the curve fit constants 𝑎1−7 from [8] could be small in magnitude compared 
to that of the integration constants in Table 3.2, it was recognized that the addition of the inte-
gration constants could have a substantial effect on the stagnation enthalpy. The initial inclusion 
of formation enthalpies from [8] was believed to compensate for the effects from excluding the 
integration constants. The modified quasi-one-dimensional solver can be seen in Appendix A.  
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3.3 Modelling the Bézier Curve 
3.3.1 The Area Variation in the Quasi-One-Dimensional Solver 
The area variation input in the combustor model from [8] requires a function of area 𝐴(𝑥), and 
the area derivative with respect to location along the combustor, 
𝑑𝐴(𝑥)
𝑑𝑥
. Both functions are re-
quired to be continuous and return the area for any 𝑥 location along the combustor length. The 
Bézier curve can model a continuous function given a set of control parameters, and hence was 
considered for modelling the smooth area variation in the quasi-one-dimensional solver. The 
B-spline was not considered for modelling of the combustor area due to difficulties arising 
when implementing any 𝑥 location along the combustor.  
3.3.2 The Bézier Curve in Python 
To model the Bézier curve in python, a continuous Bézier function and its derivative were 
required. The code for the Bézier curve was based on the 𝑛th degree Bernstein polynomial, as 
recalled from Equation 4 below. Recall that Equation 5 is the definition of the Binomial coef-
ficient.  
 𝐵𝑖
𝑛(𝑡) = (
𝑛
𝑖
) (1 − 𝑡)𝑛−𝑖𝑡𝑖  (4) 
 
(
𝑛
𝑖
) =
𝑛!
𝑖! (𝑛 − 𝑖)!
 (5) 
 
Code to implement the Bernstein polynomial and Bézier curve in Python was originally 
retreived from [22] and appropriately modified. To incorporate the location along the 
combustor, 𝑥 was integrated into the code from the value of 𝑡 ∈ [0,1], as seen in Equation 31.  
 𝑡 =
𝑥 − 𝑥0
𝑥1 − 𝑥0
 (31) 
 
In this equation, 𝑥0 is the value of 𝑥 at position 𝑡 = 0, corresponding to a value of zero, and 𝑥1 
is the value of 𝑥 at the position where 𝑡 = 1, corresponding to the total length of the combustor, 
𝐿. 
The final Bézier function that returns the area at any given 𝑥 location along the combustor given 
a set of control points is shown in Appendix B. 
18 
 
3.3.3 Derivative of the Bézier Curve 
To differentiate the Bézier curve, the derivative of the Bernstein polynomial in Equation 4 was 
required. An analysis from [23] identified that the derivative of an 𝑛th degree Bernstein poly-
nomial can be represented as a linear combination of Bernstein polynomials. The final deriva-
tive is shown in Equation 32.   
 𝑑
𝑑𝑡
(𝐵𝑖
𝑛(𝑡))  = 𝑑
𝑑𝑡
((
𝑛
𝑖
) (1 − 𝑡)𝑛−𝑖𝑡𝑖)   
  = 𝑖𝑛!
𝑖!(𝑛−𝑖)!
(1 − 𝑡)𝑛−𝑖𝑡𝑖−1 +
(𝑛−𝑖)𝑛!
𝑖!(𝑛−𝑖)!
(1 − 𝑡)𝑛−𝑖−1𝑡𝑖   
  = 𝑛 (
(𝑛−1)!
(𝑖−1)!(𝑛−𝑖)!
(1 − 𝑡)𝑛−𝑖𝑡𝑖−1 +
(𝑛−1)!
𝑖!(𝑛−𝑖−1)!
(1 − 𝑡)𝑛−𝑖−1𝑡𝑖)   
  = 𝑛 (𝐵𝑖−1
𝑛−1(𝑡) − 𝐵𝑖
𝑛−1(𝑡))  (32) 
 
The condition 0 ≤ 𝑖 ≤ 𝑛  must hold for the derivative in Equation 32 to be valid when imple-
menting in the code. Additionally, the Bernstein polynomial evaluated when 𝑖 < 1, must have 
the value of 𝐵𝑖−1
𝑛−1(𝑡) to be zero.  
The derivative of the Bézier curve can then be found by implementing the derivative of the 
Bernstein polynomial with a multiplier factor of 𝐿−1; this normalises the Bézier differential. 
The final Bézier derivative function is shown in Appendix B.  
3.4 Thrust Output 
The thrust output can only be achieved once all the flow properties in the combustor are 
calculated. This is due to the thrust relying on flow properties exiting the combustor; including 
the temperature, pressure and Mach number. Recall Equation 13 which is used to determine the 
thrust from the scramjet when assuming perfect expansion (𝑝𝑒 = 𝑝0), and Equation 17, which 
identifies the exit velocity derived from isentropic flow relations. The freestream velocity, 𝑉0, 
is dependent on the previously assumed freestream conditions and can be seen in Equation 33. 
The mass flow rate exiting the nozzle, 𝑚𝑒̇ , is assumed to be the same as the mass flow rate 
exiting the combustor, 𝑚𝑐̇ , from the principle of mass conservation.   
 𝐹 =  𝑚𝑒̇ 𝑉𝑒 −  𝑚0̇ 𝑉0 (13) 
 
𝑉𝑒 = √
2𝛾𝑅𝑇𝑐
𝛾 − 1
[(1 +
𝛾 − 1
2
𝑀𝑐2) − (
𝑝0
𝑝𝑐
)
𝛾−1
𝛾
] (17) 
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 𝑉0 = 𝑀0√𝛾𝑅𝑇0 (33) 
 
The value of 𝛾 and 𝑅 are assumed to be constant throughout the nozzle, and are equivalent to 
the values exiting the combustor. The scramjet was assumed to travel at an altitude of 36 km 
and a Mach number of 2.603. From conservation of mass, the freestream mass flow rate, 𝑚0̇ , 
is assumed to be the same as the mass flow entering the combustor chamber, 𝑚𝑖̇ .  
Integrating Equations 13, 17, and 33 into the quasi-one-dimensional code will result in a thrust 
production at the end of the code execution in Python. The final implementation of this code 
can be seen in Appendix A.  
3.5 Determining Optimal Combustor Geometry 
Although no direct optimisation routine was implemented into the code, by varying the loca-
tions of the control points in the Bézier curve for an original geometry, an optimal area profile 
for the specified geometry could be determined. For this analysis, the Mach 12 REST combus-
tor was chosen to perform optimisation methods upon, as it presented the best performance 
compared to the constant area combustor and diverging combustor from [8]. The structural 
limitations of the Mach 12 REST combustor, including combustor length, inlet and outlet areas, 
are considered to be reasonable constraints. The inlet and exit areas are set to 1.721× 10−3m2 
and 3.442× 10−3m2, respectively, and the length of the combustor is constrained to 0.337 m. 
Through selecting a single geometric shape, the internal area profile that adheres to the con-
straints could be found.  
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Chapter 4: Results 
4.1 Validation of Quasi-One-Dimensional Solver 
After adding the integration constants to the quasi-one-dimensional solver (hereafter referred 
to as the modified solver), the stagnation enthalpy curves could be investigated and validated. 
The geometries used for the validation include the constant area combustor and the Mach 12 
REST combustor. The varying parameters include friction present in the combustor, and the 
addition of fuel in the combustor. The formation enthalpies included in the original quasi-one-
dimensional solver created by [8] were assumed to be zero since there were inconsistencies 
between the implementations of formation enthalpies from [8] and [11].   
4.1.1 No addition of Fuel in the Combustor 
The case involving no addition of fuel in the combustor and hence no reactions between the 
species within the flow of the combustor was initially considered. This would allow an ease of 
comparison of any major differences in flow properties between the original quasi-one-dimen-
sional solver (hereafter referred to as the original solver) and the modified solver.   
4.1.1.1 Constant Area Combustor with No Friction 
Figure 4.1 identifies the profiles of the flow properties from the modified solver for a constant 
area combustor (1.721× 10−3m2) with no friction (𝐶𝑓 = 0) and no species reactions. The con-
stant flow properties and species mass fractions are to be expected, since this process essentially 
simulates a freestream condition in a sectioned area. This indicates that there are no errors in-
volved with the basic foundations for analysing flow within the combustor.  
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Figure 4.1: Modified solver results for a constant area with frictionless flow and no fuel addition. 
 
When executing the original solver with a constant area, no friction and no species reaction (as 
seen in Appendix C, Figure C.1Figure 4.1), the flow properties were similar to the modified 
solver with the same conditions (Figure 4.1Figure C.1). The species mass fractions along the 
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combustor length for both solvers were identical; the non-zero mass fractions were 𝑁2 (0.79) 
and 𝑂2 (0.21), with a near zero amount of 𝑂 (1.045× 10
−11) at the end of the combustor con-
tributing the 𝑂2 mass fraction. The other mass fractions from fuel and its products from reacting 
with air were all zero. Both solvers had varying magnitudes for the flow properties in the com-
bustor. A summary of the comparison of the flow properties at the end of the combustor be-
tween the two solvers for this case is shown in Table 4.1.  
Table 4.1: A comparison of frictionless flow properties at the combustor exit between the original and modified 
solvers with a constant area combustor and no fuel injected.  
Flow Property Original Quasi-One- 
Dimensional Solver 
Modified Quasi-One- 
Dimensional Solver 
Velocity, 𝑽𝒄 (m/s) 3027 3027 
Density, 𝝆𝒄 (kg/m
3) 0.1023 0.1023 
Pressure, 𝒑𝒄 (kPa) 44.502 44.502 
Temperature, 𝑻𝒄 (K) 1505.32 1505.32 
Mach Number, 𝑴𝒄 4.011 3.782 
Mass Flow Rate, ?̇?𝒄 (kg/s) 0.5329 0.5329 
Stagnation enthalpy, 𝒉𝟎,𝒄 (kJ/kg) 6422.01 5937.18 
 
The predominant differences shown between the original and modified solver were the Mach 
number and stagnation enthalpy at the end of the combustor. This was to be expected since the 
Mach number is dependent on 𝛾 (see Equation 34), which is a direct result of the specific heats 
(Equation 35) that include the integration constant [8]. Recall from Equations 24 and 25 that 
the stagnation enthalpy, ℎ0, is a function of 𝑐𝑝𝑖, which also directly involves the integration 
constant (recall Equation 29). In Equation 25, both ℎ𝑓𝑖 and 𝑇𝑟𝑒𝑓 are assumed to be zero, result-
ing in the enthalpy of the species, ℎ𝑖, to be equal to the specific heat, 𝑐𝑝𝑖, multiplied by the 
temperature, 𝑇. 
 
ℎ0 =
𝑈2
2
+ ∑ ℎ𝑖𝑌𝑖
𝑖
 (24) 
 ℎ𝑖 = ℎ𝑓𝑖 + 𝑐𝑝𝑖(𝑇 − 𝑇𝑟𝑒𝑓) (25) 
 
𝑐𝑝𝑖 =
ℎ𝑖
𝑇
=
𝑅𝑢
𝑀𝑊𝑖
 (−𝑎1𝑇
−2 + 𝑎2
ln 𝑇
𝑇
 + 𝑎3 + 𝑎4
𝑇
2
+ 𝑎5
𝑇2
3
+ 𝑎6
𝑇3
4
+ 𝑎7
𝑇4
5
+
𝑏1
𝑇
) (29) 
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𝑀𝑐 =
𝑉𝑐
√𝛾
𝑝𝑐
𝜌𝑐
 
(34) 
 𝛾 =
𝑐𝑝
𝑐𝑣
 (35) 
 
In Equation 35, 𝑐𝑝 is the specific heat at constant pressure and 𝑐𝑣 is the specific heat at constant 
volume. As there is no heat addition to the flow nor does the flow accelerate, the remainder of 
the parameters remain constant.  
4.1.1.2 Constant Area Combustor with Friction 
Figure 4.2 identifies the profiles of the flow properties from the modified solver for a constant 
area combustor (1.721× 10−3m2) with frictional flow (𝐶𝑓 = 2 × 10
−3) and no species reac-
tions. Once again, when comparing the modified results to the original results (Appendix C, 
Figure C.2) under the same conditions, similar flow property trends occur with differing mag-
nitudes.   
The summary of the comparison between the results at the end of the combustor of the two 
solvers can be seen in Table 4.2.  
Table 4.2: A comparison of frictional flow properties at the combustor exit between the original and modified 
solvers with a constant area combustor and no fuel addition. 
Flow Property Original Quasi-One- 
Dimensional Solver 
Modified Quasi-One- 
Dimensional Solver 
Velocity, 𝑽𝒄 (m/s) 2893.52 2888.57 
Density, 𝝆𝒄 (kg/m
3) 0.1070 00.1072 
Pressure, 𝒑𝒄 (kPa) 59.437 60.994 
Temperature, 𝑻𝒄 (K) 1921.86 1968.82 
Mach Number, 𝑴𝒄 3.407 3.217 
Mass Flow Rate, ?̇?𝒄 (kg/s) 0.5329 0.5329 
Stagnation enthalpy, 𝒉𝟎,𝒄 (kJ/kg) 6602.15 6103.83 
 
Since friction has been introduced into the flow, the flow decelerates through the combustor 
and begins to compress. This increases temperature, pressure and density from both solvers, 
compared to the initial inlet conditions in the combustor. As the flow slows down, the Mach 
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number and velocity reduce. Compared to the frictionless flow results in Table 4.1, the stagna-
tion enthalpy of both solver results has increased. As the stagnation enthalpy of the modified 
solver is directly related to the integration constants, it is reasonable to be higher than that of 
the original solver with no integration constants. 
 
Figure 4.2: Modified solver results for frictional flow in a constant area chamber with no fuel addition. 
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4.1.2 Addition of Fuel in the Combustor 
The flow properties along the combustor with the addition of fuel and hence reactions between 
the species was considered next. Through comparing the results from the modified and original 
quasi-one-dimensional solvers, the variation in stagnation enthalpies was hoped to be achieved.  
4.1.2.1 Frictional flow in a Constant Area Combustor 
The flow properties from executing the modified solver with fuel addition and frictional flow 
(𝐶𝑓 = 0) in a constant area combustor (1.721× 10
−3m2) is shown in Figure 4.3. With the addi-
tion of fuel in the combustor and the mixing of the species, there is expected to be significant 
changes in flow properties.  
Through the comparison between the results from the modified solver (Figure 4.3) and the 
original solver (Figure 4.4), changes in trends and magnitudes of the flow properties were 
found. The prominent difference between the two sets of results is the rapid change in temper-
ature, pressure and Mach number present in the modified solver when ignition occurs compared 
to the consistent trend in the original solver. This sudden change occurs approximately 0.04 m 
from the combustor inlet in Figure 4.3, and corresponds to the point where the mass fractions 
of the species start to change after the fuel (H2) has been added. As the temperature and pressure 
of the species are expected to rapidly increase when ignition occurs, this indicates that the ad-
dition of the integration in the modified solver was a valid solution.  
 
 
26 
 
 
Figure 4.3: Modified solver results for a constant area combustor with fuel addition and frictional flow. 
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Figure 4.4: Original solver results for a constant area combustor with fuel addition and frictional flow. 
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The summary of the findings at the end of the combustor for the modified and original solver 
can be seen in Table 4.3. 
Table 4.3: A comparison of frictional flow properties at the combustor exit between the original and modified 
solvers with a constant area chamber and fuel addition. 
Flow Property Original Quasi-One- 
Dimensional Solver 
Modified Quasi-One- 
Dimensional Solver 
Velocity, 𝑽𝒄 (m/s) 2768.02 2677.98 
Density, 𝝆𝒄 (kg/m
3) 0.1143 0.1182 
Pressure, 𝒑𝒄 (kPa) 80.100 109.088 
Temperature, 𝑻𝒄 (K) 2424.69 3194.77 
Mach Number, 𝑴𝒄 2.930 2.348 
Mass Flow Rate, ?̇?𝒄 (kg/s) 0.5445 0.5445 
Stagnation enthalpy, 𝒉𝟎,𝒄 (kJ/kg) 7792.67 7579.33 
 
In addition to altering the trend of the flow properties within the constant area combustor, the 
addition of the integration constants in the modified solver also altered the magnitude of the 
properties exiting the combustor. Compared to the original solver, the modified solver increased 
the density, pressure and temperature at the combustor exit, and reduced the velocity, Mach 
number and stagnation enthalpy. From the concepts presented in section 4.1.1, these findings 
were expected due to the dependencies of the flow properties on the specific heats and thus the 
integration constants. The magnitudes of the combustor exit values in the modified solver also 
made significant changes in magnitude (compared to the original solver) due to the flow prop-
erties reacting to the addition and ignition of the fuel.  
4.1.2.2 Frictional Flow in a Mach 12 REST Combustor 
The flow properties exiting a Mach 12 REST combustor from the modified solver with fric-
tional flow (𝐶𝑓 = 2 × 10
−3) and the addition and ignition is shown in Figure 4.5. The addition 
of a diverging area section in the combustor results in a sudden expansion of the flow; encour-
aging changes in flow properties and their trend directions. The diverging section in the com-
bustor allows the temperature and pressure to alleviate, and the flow acceleration increases the 
Mach number and velocity. The flow density also reduces due to the flow expansion, and since 
mass is conserved, the mass flow rate follows the same trend as identified in Figure 4.3.  
29 
 
The mass fraction of OH in Figure 4.5 shows a slightly decreasing trend when the onset of 
divergence occurs, compared to a constantly increasing trend from Figure 4.3. 
 
Figure 4.5: Modified solver results for Mach 12 REST combustor with fuel addition and frictional flow. 
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The flow properties from the original solver for a Mach 12 REST combustor with frictional 
flow and fuel addition is shown in Figure 4.6. The flow properties before the onset of divergence 
are consistent with those in Figure 4.4.  
 
Figure 4.6: Original solver results for Mach 12 REST combustor with fuel addition and frictional flow. 
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The summary of the flow properties at the end of the combustor for the original and modified 
solvers can be seen in Table 4.4. Note that changes in mass fractions for H, H2, N2, HO2 and 
H2O2 were not compared since the mass fractions did not significantly vary along the combus-
tor, or there were no significant differences between the original and modified solver outputs.  
Table 4.4: A comparison of frictional flow properties at combustor exit between the original and modified solv-
ers for a Mach 12 REST combustor with fuel addition. 
Flow Property Original Quasi-One- 
Dimensional Solver 
Modified Quasi-One- 
Dimensional Solver 
Velocity, 𝑽𝒄 (m/s) 2981.80 2968.19 
Density, 𝝆𝒄 (kg/m
3) 0.0530 0.0532 
Pressure, 𝒑𝒄 (kPa) 30.496 40.623 
Temperature, 𝑻𝒄 (K) 1991.59 2640.84 
Mach Number, 𝑴𝒄 3.467 2.791 
Mass Flow Rate, ?̇?𝒄 (kg/s) 0.5445 0.5445 
Stagnation enthalpy, 𝒉𝟎,𝒄 (kJ/kg) 7622.95 7334.27 
𝒀𝑶𝟐 0.0570 0.0522 
𝒀𝑯𝟐𝑶 0.1301 0.1130 
𝒀𝑶𝑯 0.0187 0.0333 
𝒀𝑶 0.0154 0.0216 
 
The flow properties prior to the onset of divergence for both the original and modified code are 
the same as the profiles identified in the constant area combustor. Although the flow properties 
vary within the diverging section of the Mach 12 REST combustor, the comparison between 
the two solvers follow a similar concept to that presented in section 4.1.2.1. In addition to flow 
properties reacting to the mixing and ignition of the species, they also respond to the change in 
area profile in both solvers. The density, pressure and temperature from the modified solver 
results are higher than the results from the original solver due to the initial increase in these 
properties from reacting to fuel ignition. This coincides with the Mach number, velocity and 
stagnation enthalpy being lower in the modified solver than the original solver. Additionally, 
the mass fractions of O2 and H2O at the end of the combustor are lower in the modified solver 
than in the original solver. This would be due to the consideration of fuel ignition and hence 
product formation, which also affects the OH and O mass fractions (higher than their respective 
values in the original solver).  
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4.2 Inclusion of Formation Enthalpies 
Prior to validifying the quasi-one-dimensional solver, it was assumed that the formation en-
thalpies of the species were zero, and hence ignored. This resulted from inconsistencies of en-
thalpy derivations presented by [8] and [11]. The findings from the original solver with the 
addition of the formation enthalpies from [8] were compared to that of the modified solver to 
investigate the validity of assuming formation enthalpies can be ignored.  
Figure 4.7 shows the property profiles for frictional flow in a Mach 12 REST combustor with 
the mixing and ignition of the fuel. As shown, sudden changes in pressure, temperature and 
Mach number at the onset of fuel addition suggests an alteration in flow chemistry. As antici-
pated, the area divergence alleviates the flow pressure and temperature through expansion; in-
creasing Mach number and velocity while simultaneously decreasing flow density. Figure 4.8 
presents the flow properties in a constant area chamber with friction and fuel addition, also 
reflecting ignition in the flow from changes in flow properties when the fuel is added. Cases 
involving the exclusion of fuel injection in a constant area chamber with frictional and friction-
less flow can be seen in Figure C.3 and Figure C.4 in Appendix C, respectively.  
Each of the figures presented that include the formation enthalpies (Figure 4.7, Figure 4.8, Fig-
ure C.3 and Figure C.4) followed very similar trends to their respective counterparts from the 
modified solver (Figure 4.5, Figure 4.3, Figure 4.2 and Figure 4.1).  
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Figure 4.7: Original solver results (with formation enthalpies) for frictional flow in a Mach 12 REST area com-
bustor with fuel addition.  
 
Note that a similar figure to Figure 4.7 (if not the same) can be found in [8]. However, Figure 
4.7 was generated from running the original solver with the addition of formation enthalpies. 
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Figure 4.8: Original solver results (with formation enthalpies) for frictional flow in a constant area combustor 
with fuel addition. 
 
Note that a similar figure to Figure 4.8 (if not the same) can be found in [8]. However, Figure 
4.8 was generated from running the original solver with the addition of formation enthalpies. 
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A summary of the comparison of flow properties at the combustor exit between the modified 
solver and the original solver with formation enthalpies can be seen in Appendix C, Table C.1 
and Table C.2. These tables include variations in flow conditions and combustor area profiles. 
In all cases identified, the modified solver obtained the same (from constant area, frictionless 
flow with no fuel addition) or lower values for velocity, Mach number and stagnation enthalpy 
than the original solver with formation enthalpies. The temperature and pressure from the mod-
ified solver were either equal to (from constant area, frictionless flow with no fuel addition) or 
greater than the original solver with enthalpies of formation. In general, the density and mass 
flow rate were consistent between the two solvers. For the two cases involving fuel addition, 
the mass fraction of the product H20 was higher for the original solver with formation enthalpies 
compared to the modified solver.  
The results from this comparison indicate that the modified solver incorporates the formation 
enthalpy effects in the integration constants, along with any other subtle variations in results. 
This is evident especially in temperature and pressure, as they account for formation enthalpy 
effects plus additional energy within the flow; resulting in increased values in the modified 
solver compared to the original solver with formation enthalpies. Both solvers also reflect igni-
tion in the flow through changes in temperature, pressure and Mach number at the onset of fuel 
being injected.  
This hence validates that the inclusion of the integration constants are necessary, and formation 
enthalpies should be excluded from the analysis.  
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4.3 Modelling Combustor with Bezier Curve 
The Bézier curve from section 3.3 was implemented in Python using the code outlined in Ap-
pendix B. The code in Appendix B was originally downloaded from [22] and appropriately 
modified for integration into the quasi-one-dimensional solver. Figure 4.9 demonstrates the ap-
plication of the Bézier model for 7 control points evenly spaced, 12 control points distributed 
evenly and an s-curve from 12 points, also equally spaced.  
 
Figure 4.9: Modelling Bezier curves with different control points for the constraints within Mach 12 REST com-
bustor. 
The location and area magnitude for each of the control points can be seen in Table D.1, Ap-
pendix D. The flow properties for each of the Bézier area combustors can also be seen in Ap-
pendix D (Figure D.1, Figure D.2 and Figure D.3). The summary of the flow properties in the 
Bézier area combustors compared to the Mach 12 REST combustor is shown in Table 4.5.  
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Table 4.5: Flow properties of the Bézier curves with different control points. 
Flow Property Mach 12 
REST 
7-point    
Bézier 
12-point  
Bézier 
12-point s-curve 
Bézier 
Velocity, 𝑽𝒄 (m/s) 2968.19 2969.81 2965.10 2968.24 
Density, 𝝆𝒄 (kg/m
3) 0.0532 0.0531 0.0533 0.0533 
Pressure, 𝒑𝒄 (kPa) 40.623 40.471 40.762 40.672 
Temperature, 𝑻𝒄 (K) 2640.84 2636.54 2647.12 2640.37 
Mach Number, 𝑴𝒄 2.791 2.795 2.785 2.792 
Mass Flow Rate, ?̇?𝒄 
(kg/s) 
0.5445 0.5445 0.5445 0.5445 
Stagnation enthalpy, 
𝒉𝟎,𝒄 (kJ/kg) 
7334.27 7332.79 7329.92 7334.53 
𝒀𝑯𝟐𝑶 0.1130 0.1130 0.1131 0.1130 
Thrust (N) 1462.59 1462.63 1461.80 1462.63 
 
As shown in Table 4.5, the flow properties within the combustor can vary slightly from chang-
ing the combustor to a smoother shape. The performance of each Bézier area combustors is 
determined from the mass fraction of H2O, the net thrust output and the behaviour of the other 
flow properties along the combustor length. Flow properties that are outside the allocated prop-
erty ranges on the graphs are considered unreasonable, and hence the area profile is considered 
unfeasible. The mass fraction of H2O should be minimised while simultaneously maximising 
thrust output. From the results, the 7-point and 12-point s-curve Bézier combustors performed 
better than the Mach 12 REST combustor and the 12-point combustor. This indicates that in-
cluding more area variations for multiple control points along the combustor could result in 
enhancing scramjet performance. 
4.4 Optimal Smooth Area Profile 
Through minimising water dissociation at the combustor exit while simultaneously maximising 
thrust and monitoring other flow properties along the combustor length, the optimal geometry 
for a particular scramjet combustor can be determined. In this case, the dimensions of the Mach 
12 REST combustor form a basis for the structural constraints on the combustor design. This 
includes fixing the inlet and outlet areas of the combustor to that of the Mach 12 REST com-
bustor, in addition to fixing its length. For the optimisation, 12 control points were selected to 
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allow for multiple area variations, however, were evenly spaced along the combustor length for 
ease of analysis. The internal area profile had no constraints; providing the areas were consid-
ered feasible.  
Although no optimisation routine was explicitly created, from manually varying the magnitude 
of the areas at each of the fixed control points, the optimal combustor design was found to have 
areas corresponding to that outlined in Table 4.6. Here, 𝐴𝑖 is the assumed combustor inlet area 
(1.721× 10−3m2) and 𝐴𝑐 is the combustor outlet area (3.442× 10
−3m2). The control points are 
positioned according to the location of the 12 points outlined in Table D.1, Appendix D.  
Table 4.6: Area magnitude of the 12 control points that define the optimal geometry. 
Point Area (m2) Point Area (m2) 
1 𝐴𝑖 7 𝐴𝑖 
2 𝐴𝑖 − 4 × 10
−4 8 𝐴𝑖 
3 𝐴𝑖 9 𝐴𝑖 
4 𝐴𝑖 10 𝐴𝑖 
5 𝐴𝑖 11 𝐴𝑐 
6 𝐴𝑖 12 𝐴𝑐 
 
The flow properties of the optimal area with fuel addition and friction can be seen in Figure 
4.10, with the summary of the optimal area profile flow properties compared to the Mach 12 
REST combustor shown in Table 4.7.  
Table 4.7: Flow properties of the optimal Bézier curve compared to the Mach 12 REST combustor. 
Flow Property Mach 12 REST Optimal Bézier 
Velocity, 𝑽𝒄 (m/s) 2968.19 2974.72 
Density, 𝝆𝒄 (kg/m
3) 0.0532 0.0532 
Pressure, 𝒑𝒄 (kPa) 40.623 40.762 
Temperature, 𝑻𝒄 (K) 2640.84 2652.02 
Mach Number, 𝑴𝒄 2.791 2.794 
Mass Flow Rate, ?̇?𝒄 (kg/s) 0.5445 0.5445 
Stagnation enthalpy, 𝒉𝟎,𝒄 (kJ/kg) 7334.27 7379.72 
𝒀𝑯𝟐𝑶 0.1130 0.1127 
Thrust (N) 1462.59 1467.97 
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Figure 4.10: Flow properties the optimal Bézier curve combustor area with friction and fuel addition. 
 
Figure 4.11 presents the optimal area profile using 12 control points compared to the Mach 12 
REST area profile. 
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Figure 4.11: Optimal area profile defined by 12 control points. 
 
This optimal area determined has a minimum area of 1.5667× 10−3m2. This corresponds to a 
semi-major and semi-minor axis value of 29.63 mm and 16.83 mm (maintaining an aspect ratio 
of 1.76), respectively. When compared to the original Mach 12 REST semi-major (31.05 mm) 
and semi-minor (16.83 mm) values with the same aspect ratio (1.76), there was a reduction in 
size 1.42 mm on the semi-major axis and 0.81 mm on the semi-minor axis. This indicates that 
a marginal change in area profile and minimum size can result in an increase in thrust by 5.38 
N when assuming an isentropic nozzle (Table 4.6). It was also shown that the mass fraction of 
H2O is less in the optimal case than the Mach 12 REST combustor, and the flow properties did 
not exceed the boundaries presented in Figure 4.10. Thus, thrust has been maximised whilst 
minimising product dissociation downstream.  
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Chapter 5: Conclusions & Recommendations 
5.1 Conclusions  
Through validation of the quasi-one-dimensional solver, the predominant issue in the code in-
volved the incorrect derivation of the enthalpies of the species; including the uncertain imple-
mentation of the enthalpy of formation within the solver. When back-logging to find the original 
derivation of the specific heats and enthalpies within finite-rate chemistry, it was found that the 
inclusion of integration constants was necessary to produce the correct results. Modification of 
the quasi-one-dimensional solver to implement this presented flow properties that reflected the 
addition of fuel in the combustor. At the onset of flow ignition in the combustor, the tempera-
ture, pressure and Mach number reflected sudden changes in trends, hence indicating the correct 
reaction to the fuel. This allowed the achievement of the project goal to validate the quasi-one-
dimensional solver.  
The combustor area profile was modelled as a smooth function with a Bézier curve. An inves-
tigation was conducted into the magnitude and number of control points required to define the 
Bézier curve suitable for modelling the combustor area. The Bézier curve had the same inlet, 
outlet and length constraints as the Mach 12 REST combustor. Through manual modification 
of the control points, the optimal area was found to be an equally spaced, 12-point Bézier profile 
with varying area magnitudes at the points. Compared to the Mach 12 REST combustor, the 
optimal area combustor increased thrust on the scramjet while simultaneously minimising the 
dissociation of water at the combustor exit.  
This thesis provided the validation of the quasi-one-dimensional solver and the modelling of 
smooth combustor area profiles with a Bézier curve, which were the original project goals. As 
the Bézier curve is defined by a set of control points, it could be varied to determine the optimal 
geometry for a specified combustor design. This thesis provides the foundation to model vari-
ations in combustor area and therefore takes a step closer to achieve the overarching goal of 
optimising the combustor geometry for any scramjet design.  
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5.2 Recommendations for Future Work 
The completion of this thesis has revealed additional areas that can be explored. The recom-
mendations for future work include: 
• The investigation into how an optimal combustor area changes as the wall temperature 
and freestream flow conditions (including Mach number and flight altitude) vary.  
• The implementation of an optimisation routine into the modified quasi-one-dimensional 
solver. The parametrisation of the combustor and the formation of the Bézier curve 
model provide the foundation to embed an optimisation routine into the modified quasi-
one-dimensional solver. This was an original project goal, however due to time con-
straints, was removed from the scope and replaced with implementing optimisation 
methods (which included manually observing the flow properties).  
• An investigation into changes in the optimal combustor geometry when including a noz-
zle design that is not isentropic. This can assist in confirming the validity of the proposed 
optimal combustor area.  
• Investigating the effects on optimal area profile when altering the structural constraints 
in the combustor. This would include modifying the fixed combustor length, inlet and 
outlet areas.    
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Appendix A: Modified Quasi-One-Dimensional Solver 
The following outlines the code, CombustorM12REST_bezier.py, used throughout the analysis 
of this thesis. This code is a modified version of the original code created by [8]; it corrects 
identified errors throughout the analysis. The original code was based on the analysis presented 
in the paper by [11]. The modified code imports functions from e3rates.py identified from [8] 
and bezier_model.py outlined in and Appendix B, respectively. Any additional code that is used 
for the implementation of the quasi-one-dimensional solver can be found in [8]. 
""" 
Quasi-1D scramjet combustor model with finite rate chemistry  
Based on solution method presented in paper by T. O'Brien, R. 
Starkey and M. Lewis (2001)  
Using odeint to solve the stiff set of ODES which characterise the 
flow properties in Scramjet Combustors 
Adjusting geometry and initial conditions will enable modelling of 
varying combustor designs 
Current initial conditions into the scramjet are set to achieve a 
thrust output 
SI units used in all cases 
This file was originally created by Marguerite Taylor, and only mod-
ified to fix errors present. 
Integration constants were added and other appropriate modifications 
to validate the code and model smooth combustor areas. 
 
 
File                   :      CombustorM12REST_bezier.py 
Original work by       :      Marguerite Taylor 
Original creation date :      2016 
Modified by            :      Kutri Sihvola 
Last Updated           :      25/10/2017 
Supervisor             :      Dr Wheatley 
 
 
Note 1: To see results when changing area, chemistry, friction and 
formation enthalpy, follow the instructions 
outlined in the section: 
 
VARIABLES TO CHANGE: AREA, FRICTION, CHEMISTRY & FORMATION ENTHALPY 
 
Note 2: This file is required to be run in a Linux operating system, 
as it is dependent on the eilmer3 code that can be downloaded from 
the terminal of the Linux operating system.  
 
""" 
 
 
import sys, os, math 
sys.path.append(os.path.expandvars("$HOME/e3bin")) 
import numpy as np 
import matplotlib.pyplot as plt 
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from mpl_toolkits.axes_grid1 import host_subplot 
import mpl_toolkits.axisartist as AA 
from scipy.integrate import odeint 
from e3rates import e3_formation_rates 
import bezier_model as bz 
# -----------------------------------# 
# -----------------------------------# 
#           Specific Heats           # 
# -----------------------------------# 
# -----------------------------------# 
 
def specific_heats(T,species): 
    # function to calculate the specific heat of species at given 
temperature 
    # O, O2, N2, H, H2, H2O, HO2, OH, H2O2 - in this order for 
spicies count 
 
    if (species == 1): # O 
        if (200 <= T) and (T <= 1000): 
            a1 = -7.953611300e+03  
            a2 = 1.607177787e+02  
            a3 = 1.966226438e+00  
            a4 = 1.013670310e-03  
            a5 = -1.110415423e-06  
            a6 = 6.517507500e-10  
            a7 = -1.584779251e-13 
            b1 = 2.840362437e+04 
        elif (1000 < T) and (T <= 6000): 
            a1 = 2.619020262e+05  
            a2 = -7.298722030e+02  
            a3 = 3.317177270e+00  
            a4 = -4.281334360e-04 
            a5 = 1.036104594e-07  
            a6 = -9.438304330e-12  
            a7 = 2.725038297e-16 
            b1 = 3.392428060e+04 
        elif (6000 < T) and (T <= 20000): 
            a1 = 1.779004264e+08 
            a2 = -1.082328257e+05  
            a3 = 2.810778365e+01  
            a4 = -2.975232262e-03  
            a5 = 1.854997534e-07  
            a6 = -5.796231540e-12 
            a7 = 7.191720164e-17 
            b1 = 8.890942630e+05 
        MW = MW_O 
         
    elif (species == 2): # O2 
        if (200 <= T) and (T <= 1000): 
            a1 = -3.425563420e+04 
            a2 = 4.847000970e+02 
            a3 = 1.119010961e+00 
            a4 = 4.293889240e-03 
            a5 = -6.836300520e-07 
            a6 = -2.023372700e-09  
            a7 = 1.039040018e-12 
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            b1 = -3.391454870e+03 
        elif (1000 < T) and (T <= 6000): 
            a1 = -1.037939022e+06  
            a2 = 2.344830282e+03  
            a3 = 1.819732036e+00  
            a4 = 1.267847582e-03  
            a5 = -2.188067988e-07 
            a6 = 2.053719572e-11  
            a7 = -8.193467050e-16 
            b1 = -1.689010929e+04 
        elif (6000 < T) and (T <= 20000): 
            a1 = 4.975294300e+08  
            a2 = -2.866106874e+05  
            a3 = 6.690352250e+01  
            a4 = -6.169959020e-03  
            a5 = 3.016396027e-07  
            a6 = -7.421416600e-12  
            a7 = 7.278175770e-17 
            b1 = 2.293554027e+06 
        MW = MW_O2 
         
    elif (species == 3): # N2  
        if (200 <= T) and (T <= 1000): 
            a1 = 2.210371497e+04 
            a2 = -3.818461820e+02 
            a3 = 6.082738360e+00 
            a4 = -8.530914410e-03 
            a5 = 1.384646189e-05 
            a6 = -9.625793620e-09 
            a7 = 2.519705809e-12 
            b1 = 7.108460860e+02 
        elif (1000 < T) and (T <= 6000): 
            a1 = 5.877124060e+05 
            a2 = -2.239249073e+03 
            a3 = 6.066949220e+00  
            a4 = -6.139685500e-04 
            a5 = 1.491806679e-07 
            a6 = -1.923105485e-11 
            a7 = 1.061954386e-15 
            b1 = 1.283210415e+04 
        elif (6000 < T) and (T <= 20000): 
            a1 = 8.310139160e+08 
            a2 = -6.420733540e+05  
            a3 = 2.020264635e+02  
            a4 = -3.0650920463-02  
            a5 = 2.486903333e-06 
            a6 = -9.705954110e-11 
            a7 = 1.437538881e-15 
            b1 = 4.938707040e+06 
        MW = MW_N2 
        # when plotted it appears that there is a problem with the 
values for  
        # (6000 < T < 20000) but temperature not expected to surpass 
this 
         
    elif (species == 4): # H 
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        if (200 <= T) and (T <= 1000): 
            a1 = 0.000000000e+00  
            a2 = 0.000000000e+00  
            a3 = 2.500000000e+00  
            a4 = 0.000000000e+00  
            a5 = 0.000000000e+00  
            a6 = 0.000000000e+00  
            a7 = 0.000000000e+00 
            b1 = 2.547370801e+04 
        elif (1000 < T) and (T <= 6000): 
            a1 = 6.078774250e+01  
            a2 = -1.819354417e-01  
            a3 = 2.500211817e+00  
            a4 = -1.226512864e-07 
            a5 = 3.732876330e-11 
            a6 = -5.687744560e-15  
            a7 = 3.410210197e-19 
            b1 = 2.547486398e+04 
        elif (6000 < T) and (T <= 20000): 
            a1 = 2.173757694e+08 
            a2 = -1.312035403e+05  
            a3 = 3.399174200e+01  
            a4 = -3.813999680e-03  
            a5 = 2.432854837e-07  
            a6 = -7.694275540e-12  
            a7 = 9.644105630e-17 
            b1 = 1.067638086e+06 
        MW = MW_H 
 
    elif (species == 5): # H2  
        if (200 <= T) and (T <= 1000): 
            a1 = 4.078323210e+04 
            a2 = -8.009186040e+02  
            a3 = 8.214702010e+00  
            a4 = -1.269714457e-02  
            a5 = 1.753605076e-05 
            a6 = -1.202860270e-08  
            a7 = 3.368093490e-12 
            b1 = 2.682484665e+03 
        elif (1000 < T) and (T <=6000): 
            a1 = 5.608128010e+05  
            a2 = -8.371504740e+02  
            a3 = 2.975364532e+00  
            a4 = 1.252249124e-03  
            a5 = -3.740716190e-07  
            a6 = 5.936625200e-11  
            a7 = -3.606994100e-15 
            b1 = 5.339824410e+03 
        elif (6000 < T) and (T <= 20000): 
            a1 = 4.966884120e+08 
            a2 = -3.147547149e+05  
            a3 = 7.984121880e+01  
            a4 = -8.414789210e-03  
            a5 = 4.753248350e-07 
            a6 = -1.371873492e-11  
            a7 = 1.605461756e-16 
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            b1 = 2.488433516e+06 
        MW = MW_H2 
         
    elif (species == 6): # H2O  
        if (200 <= T) and (T <= 1000): 
            a1 = -3.947960830e+04 
            a2 = 5.755731020e+02  
            a3 = 9.317826530e-01  
            a4 = 7.222712860e-03  
            a5 = -7.342557370e-06  
            a6 = 4.955043490e-09 
            a7 = -1.336933246e-12 
            b1 = -3.303974310e+04 
        elif (1000 < T) and (T <= 6000): 
            a1 = 1.034972096e+06 
            a2 = -2.412698562e+03 
            a3 = 4.646110780e+00 
            a4 = 2.291998307e-03  
            a5 = -6.836830480e-07  
            a6 = 9.426468930e-11  
            a7 = -4.822380530e-15 
            b1 = -1.384286509e+04 
        MW = MW_H2O 
         
    elif (species == 7): # HO2 
        if (200 <= T) and (T <= 1000): 
            a1 = -7.598882540e+04 
            a2 = 1.329383918e+03  
            a3 = -4.677388240e+00  
            a4 = 2.508308202e-02  
            a5 = -3.006551588e-05  
            a6 = 1.895600056e-08  
            a7 = -4.828567390e-12 
            b1 = -5.873350960e+03 
        elif (1000 < T) and (T <= 6000): 
            a1 = -1.810669724e+06 
            a2 = 4.963192030e+03  
            a3 = -1.039498992e+00  
            a4 = 4.560148530e-03  
            a5 = -1.061859447e-06  
            a6 = 1.144567878e-10  
            a7 = -4.763064160e-15 
            b1 = -3.200817190e+04 
        MW = MW_HO2 
 
    elif (species == 8): # OH 
        if (200 <= T) and (T <= 1000): 
            a1 = -1.998858990e+03 
            a2 = 9.300136160e+01  
            a3 = 3.050854229e+00  
            a4 = 1.529529288e-03  
            a5 = -3.157890998e-06  
            a6 = 3.315446180e-09  
            a7 = -1.138762683e-12 
            b1 = 2.991214235e+03 
        elif (1000 < T) and (T <= 6000): 
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            a1 = 1.017393379e+06 
            a2 = -2.509957276e+03  
            a3 = 5.116547860e+00  
            a4 = 1.305299930e-04  
            a5 = -8.284322260e-08  
            a6 = 2.006475941e-11  
            a7 = -1.556993656e-15 
            b1 = 2.019640206e+04 
        elif (6000 < T) and (T <= 20000): 
            a1 = 2.847234193e+08 
            a2 = -1.859532612e+05  
            a3 = 5.008240900e+01  
            a4 = -5.142374980e-03  
            a5 = 2.875536589e-07  
            a6 = -8.228817960e-12  
            a7 = 9.567229020e-17 
            b1 = 1.468393908e+06 
        MW = MW_OH 
         
    elif (species == 9): # H2O2 
        if (200 <= T) and (T <= 1000): 
            a1 = -9.279533580e+04 
            a2 = 1.564748385e+03  
            a3 = -5.976460140e+00  
            a4 = 3.270744520e-02  
            a5 = -3.932193260e-05 
            a6 = 2.509255235e-08  
            a7 = -6.465045290e-12 
            b1 = -2.494004728e+04 
        elif (1000 < T) and (T <= 6000): 
            a1 = 1.489428027e+06 
            a2 = -5.170821780e+03  
            a3 = 1.128204970e+01  
            a4 = -8.042397790e-05  
            a5 = -1.818383769e-08 
            a6 = 6.947265590e-12 
            a7 = -4.827831900e-16 
            b1 = 1.418251038e+04 
        MW = MW_H2O2 
 
    Cp = (R/MW)*(-a1*T**-2 + a2*math.log(T)/T + a3 + a4*T/2 + 
a5*(T**2)/3 + a6*(T**3)/4 + a7*(T**4)/5 + b1/T) 
    Cps = (R/MW)*(2*a1*T**-3 + a2*(1-math.log(T))/(T**2)+ a4/2 + 
2*a5*T/3 + 3*a6*(T**2)/4 + 4*a7*(T**3)/5 - b1*T**-2) 
    return Cp, Cps 
 
# -----------------------------------# 
#   Function to specify area type    # 
# -----------------------------------# 
 
def area_type(area, x): 
    """ 
    Function inputs the type of area required. Inputs can be: 
    'bezier_area' 
    'constant_area' 
    'Mach12_area' 
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    'opt_area' 
    area_type(str)-> array, array 
    """ 
    if area == 'bezier_area': 
        if formation_enthalpy == True: 
            x1, x2, x3, x4, x5, x6, x7, x8, x9, x10, x11, x12, x13= 
(i for i in np.linspace(0, L, 13)) 
            A9  = (x9  - L1)*(A2 - A1)/(L2) + A1 
            A10 = (x10 - L1)*(A2 - A1)/(L2) + A1 
            A11 = (x11 - L1)*(A2 - A1)/(L2) + A1 
            A12 = (x12 - L1)*(A2 - A1)/(L2) + A1 
            a1, a2, a3, a4, a5, a6, a7, a8, a9, a10, a11, a12, a13 = 
A1, A1, A1, A1, A1, A1, A1, A1, A9, A10, A11, A12, A2 
            xpoints = np.array([x1, x2, x3, x4, x5, x6, x7, x8, x9, 
x10, x11, x12, x13]) 
            apoints = np.array([a1, a2, a3, a4, a5, a6, a7, a8, a9, 
a10, a11, a12, a13]) 
            points = np.column_stack((xpoints, apoints)) 
        else:         
            x1, x2, x3, x4, x5, x6, x7 = (i for i in np.linspace(0, 
L, 7)) 
            a1, a2, a3, a4, a5, a6, a7 = A1, A1, A1, A1, A1, A1, A2         
            xpoints = np.array([x1, x2, x3, x4, x5, x6, x7]) 
            apoints = np.array([a1, a2, a3, a4, a5, a6, a7]) 
            points = np.column_stack((xpoints, apoints)) 
        A = bz.bezier_point(points, x) 
        dAondx = bz.diff_bezier_point(points, x) 
         
    elif area == 'opt_area': 
        x1, x2, x3, x4, x5, x6, x7, x8, x9, x10, x11, x12 = (i for i 
in np.linspace(0, L, 12)) 
        A9  = (x9  - L1)*(A2 - A1)/(L2) + A1 
        A10 = (x10 - L1)*(A2 - A1)/(L2) + A1 
        A11 = (x11 - L1)*(A2 - A1)/(L2) + A1 
        # The following areas (a's) should be changed to enhance op-
timisation, e.g. A1 - 0.0001 for a9  
        a1, a2, a3, a4, a5, a6, a7, a8, a9, a10, a11, a12 = A1, A1-
0.0004, A1, A1, A1, A1, A1, A1, A1, A1, A2, A2 
        xpoints = np.array([x1, x2, x3, x4, x5, x6, x7, x8, x9, x10, 
x11, x12]) 
        apoints = np.array([a1, a2, a3, a4, a5, a6, a7, a8, a9, a10, 
a11, a12]) 
        points = np.column_stack((xpoints, apoints)) 
        A = bz.bezier_point(points, x) 
        dAondx = bz.diff_bezier_point(points, x) 
         
    elif area == 'Mach12_area': 
        if x<= L1: 
            dAondx = 0 
            A = A1 
        else: 
            dAondx = (A2-A1)/(L2) 
            A = A1+dAondx*(x-L1) 
             
    elif area == 'constant_area': 
        if x <= L1: 
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            dAondx = 0 
            A = A1 
        else: 
            dAondx = 0 
            A = A1 
             
    else: 
        print 'Area not specified, please input "bezier_area", "con-
stant_area", \ 
                or "Mach12_area"' 
    return A, dAondx 
     
 
 
# -----------------------------------# 
# -----------------------------------# 
#               ODE's                # 
# -----------------------------------# 
# -----------------------------------# 
def diff(y,x): 
 
    U = y[0] 
    rho = y[1]  
    p = y[2] 
    Y_O = y[3]  
    Y_O2 = y[4]  
    Y_N2 = y[5]  
    Y_H = y[6] 
    Y_H2 = y[7]  
    Y_H2O = y[8]  
    Y_HO2 = y[9] 
    Y_OH = y[10] 
    Y_H2O2 = y[11] 
 
    sumY = Y_O + Y_O2 + Y_N2 + Y_H + Y_H2 + Y_H2O + Y_HO2 + Y_OH + 
Y_H2O2  
    #if sumY != 1: 
        #print "The species mass fractions sum to", sumY 
 
    # -----------------------------------     
    #           Flow Properties 
    # ----------------------------------- 
    T = p/(rho*Rsp) 
    #print 'Diff', x, y, T 
 
    [Cp_O,Cps_O] = specific_heats(T,1) 
    [Cp_O2,Cps_O2] = specific_heats(T,2) 
    [Cp_N2,Cps_N2] = specific_heats(T,3)  
    [Cp_H,Cps_H] = specific_heats(T,4) 
    [Cp_H2,Cps_H2] = specific_heats(T,5)  
    [Cp_H2O,Cps_H2O] = specific_heats(T,6) 
    [Cp_HO2,Cps_HO2] = specific_heats(T,7) 
    [Cp_OH,Cps_OH] = specific_heats(T,8) 
    [Cp_H2O2,Cps_H2O2] = specific_heats(T,9) 
 
    Cv_O = Cp_O - R/MW_O  
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    Cv_O2 = Cp_O2 - R/MW_O2 
    Cv_N2 = Cp_N2 - R/MW_N2  
    Cv_H = Cp_H - R/MW_H 
    Cv_H2 = Cp_H2 - R/MW_H2   
    Cv_H2O = Cp_H2O - R/MW_H2O 
    Cv_HO2 = Cp_HO2 - R/MW_HO2  
    Cv_OH = Cp_OH - R/MW_OH 
    Cv_H2O2 = Cp_H2O2 - R/MW_H2O2  
 
    Cp = Cp_O*Y_O + Cp_O2*Y_O2 + Cp_N2*Y_N2 + Cp_H*Y_H + Cp_H2*Y_H2 
+ Cp_H2O*Y_H2O + Cp_HO2*Y_HO2 + Cp_OH*Y_OH + Cp_H2O2*Y_H2O2 
    Cv = Cv_O*Y_O + Cv_O2*Y_O2 + Cv_N2*Y_N2 + Cv_H*Y_H + Cv_H2*Y_H2 
+ Cv_H2O*Y_H2O + Cv_HO2*Y_HO2 + Cv_OH*Y_OH + Cv_H2O2*Y_H2O2 
    gamma = Cp/Cv 
    MW = 1/(Y_O/MW_O + Y_O2/MW_O2 + Y_N2/MW_N2 + Y_H/MW_H + 
Y_H2/MW_H2 + Y_H2O/MW_H2O + Y_HO2/MW_HO2 + Y_OH/MW_OH + 
Y_H2O2/MW_H2O2) 
    Cps = Cp + T*(Cps_O*Y_O + Cps_O2*Y_O2 + Cps_N2*Y_N2 + Cps_H*Y_H 
+ Cps_H2*Y_H2 + Cps_H2O*Y_H2O + Cps_HO2*Y_HO2 + Cps_OH*Y_OH + 
Cps_H2O2*Y_H2O2) 
 
    M = U/((gamma*p/rho)**0.5) 
    Taw = Tw #T*(1 + (Pr**(1/3))*((gamma-1)/2)*M**2) # set to Tw for 
no heat loss at walls  
    h_O = hf_O + Cp_O*(T-Tref) 
    h_O2 = hf_O2 + Cp_O2*(T-Tref) 
    h_N2 = hf_N2 + Cp_N2*(T-Tref)  
    h_H = hf_H + Cp_H*(T-Tref) 
    h_H2 = hf_H2 + Cp_H2*(T-Tref)  
    h_H2O = hf_H2O + Cp_H2O*(T-Tref) 
    h_HO2 = hf_HO2 + Cp_HO2*(T-Tref)  
    h_OH = hf_OH + Cp_OH*(T-Tref) 
    h_H2O2 = hf_H2O2 + Cp_H2O2*(T-Tref)  
     
    # ----------------------------------- 
    #           Area profile 
    # ----------------------------------- 
     
    A, dAondx = area_type(area, x) 
     
    Dh = (A*(4/math.pi))**0.5 # hydraulic diameter 
 
    # -----------------------------------     
    #        Mass mixing profile 
    # ----------------------------------- 
    # if phi = 0, mdotf = 0, so dmdotondx = 0; 
    mdot = rho*U*A 
 
    if Chemistry == True: 
        #based on curve-fit to entrainment efficiency 
        dmdotondx = mdotf*(a*b*math.exp(b*x) + c*d*math.exp(d*x)) 
    else: 
        dmdotondx = 0 
 
    # -----------------------------------     
    #   Species Mass Fraction Profiles 
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    # ----------------------------------- 
    [w_O,w_O2,w_N2,w_H,w_H2,w_H2O,w_HO2,w_OH,w_H2O2] = e3_for-
mation_rates(T,p,Y_O,Y_O2,Y_N2,Y_H,Y_H2,Y_H2O,Y_HO2,Y_OH,Y_H2O2) # 
Reaction rates # 0 if no reactions 
 
    # change in species mass fractions 
    dYondx_O = (w_O*MW_O)/(rho*U) - Y_O*dmdotondx/mdot 
    dYondx_O2 = (w_O2*MW_O2)/(rho*U) - Y_O2*dmdotondx/mdot 
    dYondx_N2 = (w_N2*MW_N2)/(rho*U) - Y_N2*dmdotondx/mdot 
    dYondx_H = (w_H*MW_H)/(rho*U) - Y_H*dmdotondx/mdot 
    dYondx_H2 = (w_H2*MW_H2)/(rho*U) - Y_H2*dmdotondx/mdot + 
dmdotondx/mdot # extra term for added fuel 
    dYondx_H2O = (w_H2O*MW_H2O)/(rho*U) - Y_H2O*dmdotondx/mdot 
    dYondx_HO2 = (w_HO2*MW_HO2)/(rho*U) - Y_HO2*dmdotondx/mdot 
    dYondx_OH = (w_OH*MW_OH)/(rho*U) - Y_OH*dmdotondx/mdot 
    dYondx_H2O2 = (w_H2O2*MW_H2O2)/(rho*U) - Y_H2O2*dmdotondx/mdot 
     
    # ----------------------------------- 
    #  Mixture molecular weight profile 
    # ----------------------------------- 
    term1 = dYondx_O/MW_O + dYondx_O2/MW_O2 + dYondx_N2/MW_N2 + 
dYondx_H/MW_H + dYondx_H2/MW_H2 + dYondx_H2O/MW_H2O + 
dYondx_HO2/MW_HO2 + dYondx_OH/MW_OH + dYondx_H2O2/MW_H2O2 
    dMWondx = (-MW**2)*term1 
 
    # ----------------------------------- 
    #             Enthalpies  
    # ----------------------------------- 
    Cp_hat = Cps - (mdotf/mdot)*(Cp_H2 + Cps_H2*T) 
    h_hat = Cp_hat*T 
    h0 = (U**2)/2 + h_O*Y_O + h_O2*Y_O2 + h_N2*Y_N2 + h_H*Y_H + 
h_H2*Y_H2 + h_H2O*Y_H2O + h_HO2*Y_HO2 + h_OH*Y_OH + h_H2O2*Y_H2O2 
 
    # ----------------------------------- 
    #          Velocity profile 
    # ----------------------------------- 
    alpha = (1/U)*(1 - gamma*M**2 + (U**2)/h_hat) 
    term2 = (-1/A)*dAondx 
    term3 = ((1+gamma*M**2*(1-epsilon)-(h0/h_hat))/mdot)*dmdotondx # 
should be zero if no added fuel 
    term4 = h_O*dYondx_O + h_O2*dYondx_O2 + h_N2*dYondx_N2 + 
h_H*dYondx_H + h_H2*dYondx_H2 + h_H2O*dYondx_H2O + h_HO2*dYondx_HO2 
+ h_OH*dYondx_OH + h_H2O2*dYondx_H2O2 # should be 0 if no mixing 
    term5 = (1/mdot)*(h_H2*dmdotondx) # should be zero if no added 
fuel 
    term6 = (1/h_hat)*(-term4+term5) 
    term7 = (-1/MW)*dMWondx  
    term8 = (gamma*M**2 - (Cp*(Taw-
Tw))/(h_hat*A*Pr**(2/3)))*(2*Cf/Dh) # heat loss term, 0 if Taw = Tw, 
Cf = 0 
    dUondx = (1/alpha)*(term2+term3+term6+term7+term8) 
 
    # ----------------------------------- 
    #          Density Profile 
    # ----------------------------------- 
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    drhoondx = rho*(dmdotondx/mdot - dUondx/U - dAondx/A); # first 
term 0 if no addded fuel 
 
    # ----------------------------------- 
    #             Pressure  
    # ----------------------------------- 
    dpondx = -rho*U**2 * ((dUondx/U) + 2*Cf/Dh + ((1-epsi-
lon)/mdot)*dmdotondx); # last term 0 if no added fuel, second last 
term 0 if no fricition 
 
    # Output derivatives for ODE solver 
    return [dUondx, drhoondx, dpondx, dYondx_O, dYondx_O2, 
dYondx_N2, dYondx_H, dYondx_H2, dYondx_H2O, dYondx_HO2, dYondx_OH, 
dYondx_H2O2] 
 
# -----------------------------------# 
# -----------------------------------# 
#             COMBUSTOR              # 
# -----------------------------------# 
# -----------------------------------# 
 
# global parameters 
global Pr, Tw, f, phi, Linj, A1, A2, L1, L2, epsilon, a, b, c, d, g 
global Cf, Tref, mdot0, mdotf, R, Rsp 
global MW_O, MW_O2, MW_N2, MW_H, MW_H2, MW_H2O, MW_HO2, MW_OH, 
MW_H2O2 
global hf_O, hf_O2, hf_N2, hf_H, hf_H2, hf_H2O, hf_HO2, hf_OH, 
hf_H2O2 
global area, Friction, Chemistry, formation_enthalpy 
 
# ----------------------------------- 
#  CONSTANTS AND INITIAL CONDITIONS 
# ----------------------------------- 
# molecular weights (kg/mol)  
MW_O = 16.00e-3 
MW_O2 = 32.00e-3  
MW_N2 = 28.02e-3  
MW_H = 1.01e-3 
MW_H2 = 2.02e-3 
MW_H2O = 18.02e-3 
MW_HO2 = 18.02e-3 
MW_OH = 17.01e-3 
MW_H2O2 = 34.02e-3 
 
R = 8.314510 # Universal gas constant (J/mol/K) 
 
# combustor geometry  
ae = 31.05e-3 # semi-major axis of ellipse 
be = ae/1.76 # semi-minor axis (from aspect ratio of 1.76) 
A1 = ae*be*math.pi # initial cross-sectional area of the engine (m2) 
A2 = 2*A1 # final cross-section area of the engine (m2) 
cfnd = 0 # difference in location of L1 to L2 transition from normal 
design (mm) 
L1 = (215.67-cfnd)*1e-3 # length of constant area section (m) 
L2 = (121+cfnd)*1e-3 # length of expansion section (m) 
L = L1 + L2 # total length 
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# initial conditions 
A = A1 
U = 3027 # velocity at x=0  
p = 44.502e3 # pressure at x=0 
T = 1560 #872 # temperature at x=0  
Tw = 500 # wall temperature  
M = 4.02 #Mach number at x=0 -------------------this doesn't do any-
thing 
rho = 0.1023 # density at x=0 
print 'A1', A1, 'A2', A2, 'L1', L1, 'L2', L2, 'L', L 
 
# combustor parameters 
Pr = 0.71 # Prandtl number 
f = 0.0291 # stoichiometric H2 
phi = 0.75 # equivalence ratio - set to 0 for no fuel addition 
 
# Specific Heats (J/mol/K)/(kg/mol) = J/kg/K 
[Cp_O,Cps_O] = specific_heats(T,1) 
[Cp_O2,Cps_O2] = specific_heats(T,2)  
[Cp_N2,Cp2_N2] = specific_heats(T,3)  
[Cp_H,Cps_H] = specific_heats(T,4) 
[Cp_H2,Cps_H2] = specific_heats(T,5)  
[Cp_H2O,Cps_H2O] = specific_heats(T,6)  
[Cp_HO2,Cps_HO2] = specific_heats(T,7) 
[Cp_OH,Cps_OH] = specific_heats(T,8) 
[Cp_H2O2,Cps_H2O2] = specific_heats(T,9) 
 
Cv_O = Cp_O - R/MW_O  
Cv_O2 = Cp_O2 - R/MW_O2 
Cv_N2 = Cp_N2 - R/MW_N2  
Cv_H = Cp_H - R/MW_H 
Cv_H2 = Cp_H2 - R/MW_H2   
Cv_H2O = Cp_H2O - R/MW_H2O 
Cv_HO2 = Cp_HO2 - R/MW_HO2  
Cv_OH = Cp_OH - R/MW_OH 
Cv_H2O2 = Cp_H2O2 - R/MW_H2O2  
 
# Initial mass fractions and specific heats etc 
Y_O = 0 
Y_O2 = 0.21 
Y_N2 = 0.79  
Y_H = 0 
Y_H2 = 0 
Y_H2O = 0 
Y_HO2 = 0 
Y_OH = 0 
Y_H2O2 = 0 
MW = 1/(Y_O/MW_O + Y_O2/MW_O2 + Y_N2/MW_N2 + Y_H/MW_H + Y_H2/MW_H2 + 
Y_H2O/MW_H2O + Y_HO2/MW_HO2 + Y_OH/MW_OH + Y_H2O2/MW_H2O2) 
Cp = Cp_O*Y_O + Cp_O2*Y_O2 + Cp_N2*Y_N2 + Cp_H*Y_H + Cp_H2*Y_H2 + 
Cp_H2O*Y_H2O + Cp_HO2*Y_HO2 + Cp_OH*Y_OH + Cp_H2O2*Y_H2O2 
Cv = Cv_O*Y_O + Cv_O2*Y_O2 + Cv_N2*Y_N2 + Cv_H*Y_H + Cv_H2*Y_H2 + 
Cv_H2O*Y_H2O + Cv_HO2*Y_HO2 + Cv_OH*Y_OH + Cv_H2O2*Y_H2O2 
gamma = Cp/Cv 
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Rsp = Cp*(1-1/gamma) # Universal Gas Constant (J/kg/K) (R/MW) - as-
sumed constant for simplicity 
 
# calculated initial conditions 
mdot0 = rho*U*A # initial mass flow rate 
mdotf = mdot0*phi*f # mass flow rate of fuel injection 
 
# ------------------------------------------------------------------
----------- 
#     VARIABLES TO CHANGE: AREA, FRICTION, CHEMISTRY & FORMATION EN-
THALPY 
# ------------------------------------------------------------------
----------- 
""" 
The following code can be altered to change the area profile within 
the combustor. 
To see the results of the bezier curve, set:        area = 
'bezier_area' 
To see the results of the Mach12 engine, set:       area = 
'Mach12_area' 
To see the results of the constant area, set:       area = 'con-
stant_area' 
To see the results of the optimised area, set:      area = 'opt_ar-
ea'        #this is opt area for Mach 12 REST 
""" 
area = 'opt_area' 
 
""" 
Change the value of 'Friction' to either True or False, and this 
will turn 
on and off friction, respectively. 
Turn on friction:                                   Friction = True 
Turn off friction:                                  Friction = False 
""" 
Friction = True 
 
""" 
The following code can be altered to turn on and off the species 
mixing in the combustor. 
This indicates whether or not chemistry is involved in the process. 
To turn on chemistry:                               Chemistry = True 
To turn off chemistry:                              Chemistry = 
False 
""" 
Chemistry = True 
 
""" 
The formation enthalpy option was only added for the original vali-
dation phase 
of the code. For future analysis, this value should be kepy as 
False, since 
the integration constants include the effects of the formation en-
thalpy, 
plus other subtle effects on the results.  
""" 
formation_enthalpy = False 
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# ----------------------------------- 
#           Mixing Profile 
# ----------------------------------- 
epsilon = 0 # ratio of velocity of gas injection over velocity of 
flowfield 
a = 1.168 # curvefit constants a-d for mass flow rate 
b = -0.3605  
c = -1.182 
d = -9.525 
 
if Friction == True: 
    Cf = 2e-3 
else: 
    Cf = 0 
 
# ----------------------------------- 
#             Enthalipes         
# ----------------------------------- 
 
Tref = 0 # reference temperature (0 K) 
 
if formation_enthalpy == True: 
    hf_O = (242.450e3)/MW_O  # enthalpies at 0 K (J/mol)/(kg/mol) = 
J/kg 
    hf_O2 =-(8.680e3)/MW_O2 
    hf_N2 =-(8.670e3)/MW_N2 
    hf_H = (211.801e3)/MW_H 
    hf_H2 =-(8.468e3)/MW_H2 
    hf_H2O = -(251.730e3)/MW_H2O 
    hf_HO2 = (2.018e3)/MW_HO2 
    hf_OH = (28.465e3)/MW_OH 
    hf_H2O2 = -(147.039e3)/MW_H2O2 
else: 
    hf_O = 0 
    hf_O2 = 0 
    hf_N2 = 0 
    hf_H = 0 
    hf_H2 = 0 
    hf_H2O = 0 
    hf_HO2 = 0 
    hf_OH = 0 
    hf_H2O2 = 0 
 
# ----------------------------------- 
#             SOLVER 
# ----------------------------------- 
dx = 0.001 
INITIAL = [U,rho,p,Y_O,Y_O2,Y_N2,Y_H,Y_H2,Y_H2O,Y_HO2,Y_OH,Y_H2O2] 
print 'initial :', INITIAL 
XSPAN = np.arange(0,L+dx,dx) 
YOUT = odeint(diff, INITIAL, XSPAN) 
 
# ----------------------------------- 
#             RESULTS 
# ----------------------------------- 
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# Using results - plotting 
# uses the ode outputs to determine other parameters at each step 
along the combustor 
size = len(XSPAN) 
M_x = [] 
M_A = [] 
M_U = [] 
M_rho = [] 
M_p = [] 
M_T = [] 
M_M = [] 
M_mdot = [] 
M_T0 = [] 
M_h0 = [] 
M_gamma= [] 
M_YO = [] 
M_YO2 = [] 
M_YN2 = [] 
M_YH = [] 
M_YH2 = [] 
M_YH2O = [] 
M_YHO2 = [] 
M_YOH = [] 
M_YH2O2 = [] 
M_MW = [] 
for j in range(0,size):     
    x = XSPAN[j]  
    U = YOUT[j][0] 
    rho = YOUT[j][1] 
    p = YOUT[j][2] 
    Y_O = YOUT[j][3] 
    Y_O2 = YOUT[j][4]  
    Y_N2 = YOUT[j][5] 
    Y_H = YOUT[j][6] 
    Y_H2 = YOUT[j][7] 
    Y_H2O = YOUT[j][8] 
    Y_HO2 = YOUT[j][9] 
    Y_OH = YOUT[j][10] 
    Y_H2O2 = YOUT[j][11]  
     
    T = p/(rho*Rsp) 
     
    [Cp_O,Cps_O] = specific_heats(T,1) 
    [Cp_O2,Cps_O2] = specific_heats(T,2)  
    [Cp_N2,Cp2_N2] = specific_heats(T,3)  
    [Cp_H,Cps_H] = specific_heats(T,4) 
    [Cp_H2,Cps_H2] = specific_heats(T,5)  
    [Cp_H2O,Cps_H2O] = specific_heats(T,6)  
    [Cp_HO2,Cps_HO2] = specific_heats(T,7) 
    [Cp_OH,Cps_OH] = specific_heats(T,8) 
    [Cp_H2O2,Cps_H2O2] = specific_heats(T,9) 
 
    Cv_O = Cp_O - R/MW_O 
    Cv_O2 = Cp_O2 - R/MW_O2 
    Cv_N2 = Cp_N2 - R/MW_N2  
    Cv_H = Cp_H - R/MW_H 
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    Cv_H2 = Cp_H2 - R/MW_H2  
    Cv_H2O = Cp_H2O - R/MW_H2O 
    Cv_HO2 = Cp_HO2 - R/MW_HO2  
    Cv_OH = Cp_OH - R/MW_OH 
    Cv_H2O2 = Cp_H2O2 - R/MW_H2O2  
     
    Cp = Cp_O*Y_O + Cp_O2*Y_O2 + Cp_N2*Y_N2 + Cp_H*Y_H + Cp_H2*Y_H2 
+ Cp_H2O*Y_H2O + Cp_HO2*Y_HO2 + Cp_OH*Y_OH + Cp_H2O2*Y_H2O2 
    Cv = Cv_O*Y_O + Cv_O2*Y_O2 + Cv_N2*Y_N2 + Cv_H*Y_H + Cv_H2*Y_H2 
+ Cv_H2O*Y_H2O + Cv_HO2*Y_HO2 + Cv_OH*Y_OH + Cv_H2O2*Y_H2O2 
    gamma = Cp/Cv 
    MW = 1/(Y_O/MW_O + Y_O2/MW_O2 + Y_N2/MW_N2 + Y_H/MW_H + 
Y_H2/MW_H2 + Y_H2O/MW_H2O + Y_HO2/MW_HO2 + Y_OH/MW_OH + 
Y_H2O2/MW_H2O2) 
 
    # Changing area 
    A, dAondx = area_type(area, x) 
    Dh = (A*(4/math.pi))**0.5 
     
    M = U/(gamma*p/rho)**0.5 
    mdot = rho*U*A 
    h_O = hf_O + Cp_O*(T-Tref) 
    h_O2 = hf_O2 + Cp_O2*(T-Tref)  
    h_N2 = hf_N2 + Cp_N2*(T-Tref) 
    h_H = hf_H + Cp_H*(T-Tref) 
    h_H2 = hf_H2 + Cp_H2*(T-Tref) 
    h_H2O = hf_H2O + Cp_H2O*(T-Tref) 
    h_HO2 = hf_HO2 + Cp_HO2*(T-Tref) 
    h_OH = hf_OH + Cp_OH*(T-Tref) 
    h_H2O2 = hf_H2O2 + Cp_H2O2*(T-Tref) 
    h0 = (U**2)/2 + h_O*Y_O + h_O2*Y_O2 + h_N2*Y_N2 + h_H*Y_H + 
h_H2*Y_H2 + h_H2O*Y_H2O + h_HO2*Y_HO2 + h_OH*Y_OH + h_H2O2*Y_H2O2 
    T0 = h0/Cp 
 
    M_x.append(x) 
    M_A.append(A) 
    M_U.append(U) 
    M_rho.append(rho) 
    M_p.append(p/1e3) 
    M_T.append(T) 
    M_M.append(M) 
    M_mdot.append(mdot) 
    M_T0.append(T0) 
    M_h0.append(h0/1e3) 
    M_gamma.append(gamma) 
    M_YO.append(Y_O) 
    M_YO2.append(Y_O2) 
    M_YN2.append(0.25*Y_N2) 
    M_YH.append(Y_H) 
    M_YH2.append(Y_H2) 
    M_YH2O.append(Y_H2O) 
    M_YHO2.append(Y_HO2) 
    M_YOH.append(Y_OH) 
    M_YH2O2.append(Y_H2O2) 
    M_MW.append(MW) 
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    Mc = M_M[-1] 
    pc = M_p[-1]*10**3 
    p_infi = 509.14 #Pa From Anderson at 36km alt 
    Tc = M_T[-1] 
    g1g= (gamma - 1)/gamma 
    g12 = (gamma - 1)/2 
    g21 = 2/(gamma - 1) 
    pconpc0 = (pc/p_infi)**(g1g) 
    Mne = (g21*(pconpc0*(1+g12*Mc**2) - 1))**0.5 
    Tne = Tc*( (1 + g12*Mc**2) / (1 + g12*Mne**2) ) 
    Vne = Mne * (gamma*Rsp*Tne)**0.5 
    rho_infi = 7.1221*10**(-3) # kg/m3 From Anderson at 36km alt 
    T_infi = 249.05 #K from Anderson at 36km alt 
    M_infi = 2.603 # Barth 
    V_infi = M_infi*(gamma*Rsp*T_infi)**0.5 
     
    thrust = M_mdot[-1]*Vne - M_mdot[0]*V_infi 
def final_results(): 
     
    print 'final results for', area 
    print 'Friction = ', Friction 
    print 'Chemistry = ', Chemistry 
    print 'Formation enthalpy = ', formation_enthalpy 
    print 'x', x, 'm' 
    print 'A', A, 'm^2' 
    print 'U', U, 'm/s' 
    print 'rho', rho, 'kg/m^3' 
    print 'p', p, 'Pa' 
    print 'T', T, 'K' 
    print 'M', M 
    print 'mdot', mdot, 'kg/s' 
    print 'h0', h0/1e3, 'kJ/kg' 
    print 'Mne', Mne 
    print 'Tne', Tne, 'K' 
    print 'Vne', Vne, 'm/s' 
    print 'Thrust', thrust, 'N' 
    print 'Y_O', Y_O 
    print 'Y_O2', Y_O2 
    print 'Y_N2', Y_N2 
    print 'Y_H', Y_H 
    print 'Y_H2', Y_H2 
    print 'Y_H2O', Y_H2O 
    print 'Y_HO2', Y_HO2 
    print 'Y_OH', Y_OH 
    print 'Y_H2O2', Y_H2O2 
    return x, A, U, rho, p, T, M, mdot, h0 
if __name__ == "__main__": 
    final_results() 
 
    # ----------------------------------- 
    #             PLOTTING 
    # ----------------------------------- 
 
    # ------------TOP PLOT--------------- 
    host = host_subplot(311, axes_class=AA.Axes) 
    plt.subplots_adjust(right=0.7) 
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    plt.subplots_adjust(top=0.95) 
    plt.subplots_adjust(bottom=0.05) 
    plt.subplots_adjust(hspace=0.3) 
 
    par1 = host.twinx() 
    par2 = host.twinx() 
    par3 = host.twinx() 
 
    offset = 60 
    new_fixed_axis = par2.get_grid_helper().new_fixed_axis 
    par2.axis["right"] = new_fixed_axis(loc="right", axes=par2, off-
set=(offset,0)) 
    par3.axis["right"] = new_fixed_axis(loc="right", axes=par3, off-
set=(offset*2,0)) 
 
    par2.axis["right"].toggle(all=True) 
    par3.axis["right"].toggle(all=True) 
 
    host.set_xlim(0,0.35) 
    host.set_ylim(0.0015, 0.0040) 
 
    host.set_title("Flow Properties") 
    host.set_xlabel("Distance (m)") 
    host.set_ylabel("Area (m2)") 
    par1.set_ylabel("Velocity (m/s)") 
    par2.set_ylabel("Density (kg/m3)") 
    par3.set_ylabel("Pressure (kPa)") 
 
    p1, = host.plot(M_x,M_A, label="A") 
    p2, = par1.plot(M_x,M_U, label="U") 
    p3, = par2.plot(M_x,M_rho, label="rho") 
    p4, = par3.plot(M_x,M_p, label="p") 
 
    par1.set_ylim(2500,3300) 
    par2.set_ylim(0.04, 0.14) 
    par3.set_ylim(27,120) 
 
    host.legend(loc=9, ncol=4, fontsize="small") 
 
    host.axis["left"].label.set_color(p1.get_color()) 
    par1.axis["right"].label.set_color(p2.get_color()) 
    par2.axis["right"].label.set_color(p3.get_color()) 
    par3.axis["right"].label.set_color(p4.get_color()) 
 
    # ------------MID PLOT--------------- 
    host = host_subplot(312, axes_class=AA.Axes) 
    plt.subplots_adjust(right=0.7) 
 
    par5 = host.twinx() 
    par6 = host.twinx() 
    par7 = host.twinx() 
 
    offset = 60 
    new_fixed_axis = par6.get_grid_helper().new_fixed_axis 
    par6.axis["right"] = new_fixed_axis(loc="right", axes=par6, off-
set=(offset,0)) 
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    par7.axis["right"] = new_fixed_axis(loc="right", axes=par7, off-
set=(offset*2,0)) 
 
    par6.axis["right"].toggle(all=True) 
    par7.axis["right"].toggle(all=True) 
 
    host.set_xlim(0,0.35) 
    host.set_ylim(1300, 3500) 
 
    host.set_xlabel("Distance (m)") 
    host.set_ylabel("Temperature (K)") 
    par5.set_ylabel("Mach Number") 
    par6.set_ylabel("Mass Flow Rate (kg/s)") 
    par7.set_ylabel("Stagnation Enthalpy (kJ/kg)") 
 
    p5, = host.plot(M_x,M_T, label="T") 
    p6, = par5.plot(M_x,M_M, label="M") 
    p7, = par6.plot(M_x,M_mdot, label="mdot") 
    p8, = par7.plot(M_x,M_h0, label="h0") 
 
    par5.set_ylim(2, 4.5) 
    par6.set_ylim(0.53, 0.55) 
    par7.set_ylim(5500, 8400) 
 
    host.legend(loc=9, ncol=4, fontsize="small") 
 
    host.axis["left"].label.set_color(p5.get_color()) 
    par5.axis["right"].label.set_color(p6.get_color()) 
    par6.axis["right"].label.set_color(p7.get_color()) 
    par7.axis["right"].label.set_color(p8.get_color()) 
 
    # ------------LAST PLOT-------------- 
    plt.subplot(313) 
    species = 
['Y_O','Y_O2','0.25*Y_N2','Y_H','Y_H2','Y_H2O','Y_HO2','Y_OH','Y_H2O
2'] 
    plt.plot(M_x,M_YO,label=species[0],color='r') 
    plt.plot(M_x,M_YO2,label=species[1],color='g') 
    plt.plot(M_x,M_YN2,label=species[2],color='b') 
    plt.plot(M_x,M_YH,label=species[3],color='c') 
    plt.plot(M_x,M_YH2,label=species[4],color='m') 
    plt.plot(M_x,M_YH2O,label=species[5],color='purple') 
    plt.plot(M_x,M_YHO2,label=species[6],color='firebrick') 
    plt.plot(M_x,M_YOH,label=species[7],color='y') 
    plt.plot(M_x,M_YH2O2,label=species[8],color='gray') 
    plt.title('Species Mass Fractions') 
    plt.xlabel('Distance (m)') 
    plt.ylabel('Mass Fraction') 
 
    plt.ylim(-0.05, 0.25) 
    plt.legend(bbox_to_anchor=(1.05,1), loc=2, borderaxespad=0., 
fontsize="small", prop = {'size':9}) 
 
    plt.draw() 
    plt.show() 
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Appendix B: Bézier Curve Code 
The code to model a Bézier curve in Python was originally downloaded from [22] and was 
appropriately modified to suit the requirements for implementation into the quasi-one-dimen-
sional solver. The method to derive the Bézier curve was based off  the findings from [23]. This 
involved including a variable 𝑥 that identifies the location along the combustor, and allowing 
the Bézier curve to be evaluated at any point in the combustor. 
""" 
File         :      bezier_model.py 
Created by   :      Kutri Sihvola 
Last Updated :      25/10/2017 
Supervisor   :      Dr Wheatley 
 
The following code was originally downloaded from StackOverflow 
(2013) https://stackoverflow.com/questions/12643079/b%C3%A9zier-
curve-fitting-with-scipy and appropriately modified for this thesis.  
The differentiation of the Bezier code is based off the analysis 
from Joy (2000). 
 
""" 
 
import numpy as np 
from scipy.misc import comb 
from matplotlib import pyplot as plt 
import math 
 
def bernstein(i, n, t): 
    """ 
     The Bernstein polynomial of n & i as a function of t. 
    """ 
 
    return comb(n, i) * ( t**(i) ) * ((1 - t)**(n - i)) 
 
def bezier_point(points, x): 
    """ 
    Returns the area at a location, x, along the combustor, with a 
given set of 
    control points (points). 
 
    bezier_point(array, float) -> float 
    """ 
    nPoints = len(points) 
    xPoints = np.array([p[0] for p in points]) 
    aPoints = np.array([p[1] for p in points]) 
 
    t = (x-xPoints[0])/(xPoints[-1]-xPoints[0]) 
 
    poly = np.array([bernstein(i, nPoints-1, t) for i in range(0, 
nPoints)]) 
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    aval = np.dot(aPoints, poly) 
 
    return aval 
 
def diff_bern(i, n, t): 
    """ 
    Returns the differential of the bernstien polynomial. 
    """ 
    if i < 1: 
        B_i1 = 0 
    else: 
        B_i1 = bernstein(i-1, n-1, t) 
    if i <0: 
        B_i = 0 
    else: 
        B_i = bernstein(i, n-1, t) 
         
    return n*(B_i1 - B_i) 
 
def diff_bezier_point(points, x): 
    """ 
    Returns the differential of the bezier curve at location, x, 
along the 
    combustor, with given control points (points). 
 
    diff_bezier_point(array, float) -> float 
 
    """ 
    nPoints = len(points) 
    xPoints = np.array([p[0] for p in points]) 
    aPoints = np.array([p[1] for p in points]) 
 
    t = (x-xPoints[0])/(xPoints[-1]-xPoints[0]) 
 
    poly = np.array([diff_bern(i, nPoints-1, t) for i in range(0, 
nPoints)]) 
 
    aval = np.dot(aPoints, poly)/(xPoints[-1]-xPoints[0]) 
 
    return aval     
 
 
ae = 31.05e-3 # semi-major axis of ellipse 
be = ae/1.76 # semi-minor axis (from aspect ratio of 1.76) 
A1 = ae*be*math.pi # initial cross-sectional area of the engine (m2) 
A2 = 2*A1 # final cross-section area of the engine (m2) 
cfnd = 0 # difference in location of L1 to L2 transition from normal 
design (mm) 
L1 = (215.67-cfnd)*1e-3 # length of constant area section (m) 
L2 = (121+cfnd)*1e-3 # length of expansion section (m) 
L = L1 + L2 # total length 
 
 
 
 
if __name__ == "__main__": 
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    from matplotlib import pyplot as plt 
    x_list = np.linspace(0, L, 1000) 
    """ 
    The following adjusts the model output when bezier_model.py is 
run. 
    For optimal area for Mach 12 REST case, set:        area = 
'opt_area' 
    For the comparison between bezier models, set:      area = 
'area_comp' 
    """ 
    area = 'area_comp' 
 
    if area == 'opt_area': 
        x1, x2, x3, x4, x5, x6, x7, x8, x9, x10, x11, x12 = (i for i 
in np.linspace(0, L, 12)) 
        A9  = (x9  - L1)*(A2 - A1)/(L2) + A1 
        A10 = (x10 - L1)*(A2 - A1)/(L2) + A1 
        A11 = (x11 - L1)*(A2 - A1)/(L2) + A1 
        # The following areas (a's) should be changed to enhance op-
timisation, e.g. A1 - 0.0001 for a9  
        a1, a2, a3, a4, a5, a6, a7, a8, a9, a10, a11, a12 = A1, A1-
0.0004, A1, A1, A1, A1, A1, A1, A1, A1, A2, A2 
        xpoints = np.array([x1, x2, x3, x4, x5, x6, x7, x8, x9, x10, 
x11, x12]) 
        apoints = np.array([a1, a2, a3, a4, a5, a6, a7, a8, a9, a10, 
a11, a12]) 
        points = np.column_stack((xpoints, apoints)) 
 
        A = [] 
        A_bez = [] 
        for x in x_list: 
            A_bez.append(bezier_point(points, x)) 
            if x <= L1: 
                A.append(A1) 
                dAondx = 0 
            else: 
                dAondx = (A2-A1)/(L2) 
                A.append(A1+dAondx*(x-L1)) 
             
        plt.plot(x_list, A, label="Mach 12 REST") 
        plt.plot(x_list, A_bez, label="12 point optimal Bezier 
Model") 
        plt.legend(loc='best') 
        plt.xlabel('Distance (m)') 
        plt.ylabel('Area (m2)') 
 
        plt.show() 
         
         
    elif area == 'area_comp': 
        x1, x2, x3, x4, x5, x6, x7, x8, x9, x10, x11, x12 = (i for i 
in np.linspace(0, L, 12)) 
        A9  = (x9  - L1)*(A2 - A1)/(L2) + A1 
        A10 = (x10 - L1)*(A2 - A1)/(L2) + A1 
        A11 = (x11 - L1)*(A2 - A1)/(L2) + A1 
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        a1, a2, a3, a4, a5, a6, a7, a8, a9, a10, a11, a12 = A1, A1, 
A1, A1, A1, A1, A1, A1, A9, A10, A11, A2 
        xpoints = np.array([x1, x2, x3, x4, x5, x6, x7, x8, x9, x10, 
x11, x12]) 
        apoints = np.array([a1, a2, a3, a4, a5, a6, a7, a8, a9, a10, 
a11, a12]) 
        points = np.column_stack((xpoints, apoints)) 
 
        v1, v2, v3, v4, v5, v6, v7 = (i for i in np.linspace(0, L, 
7)) 
        c1, c2, c3, c4, c5, c6, c7 = A1, A1, A1, A1, A1, A1, A2 
        vpoints = np.array([v1, v2, v3, v4, v5, v6, v7]) 
        cpoints = np.array([c1, c2, c3, c4, c5, c6, c7]) 
        points2 = np.column_stack((vpoints, cpoints)) 
 
        s1, s2, s3, s4, s5, s6, s7, s8, s9, s10, s11, s12 = A1, A1, 
A1, A1, A1, A1, A1, A1, A1, A1, A2, A2 
        spoints = np.array([s1, s2, s3, s4, s5, s6, s7, s8, s9, s10, 
s11, s12]) 
        s_list_points = np.column_stack((xpoints, spoints)) 
 
 
        A = [] 
        A_bez = [] 
        A_bez2 = [] 
        A_bezs = [] 
        for x in x_list: 
            A_bez.append(bezier_point(points, x)) 
            A_bez2.append(bezier_point(points2, x)) 
            A_bezs.append(bezier_point(s_list_points, x)) 
            if x <= L1: 
                A.append(A1) 
                dAondx = 0 
            else: 
                dAondx = (A2-A1)/(L2) 
                A.append(A1+dAondx*(x-L1)) 
             
        plt.plot(x_list, A, label="Mach 12 REST") 
        plt.plot(x_list, A_bez2, label="7 point Bezier Model") 
        plt.plot(x_list, A_bez, label="12 point Bezier Model") 
        plt.plot(x_list, A_bezs, label="12 point s-curve Bezier 
Model") 
        plt.legend(loc='best') 
        plt.xlabel('Distance (m)') 
        plt.ylabel('Area (m2)') 
 
        plt.show() 
    else: 
        print('Please assign area to "area_comp" or "opt_area"')  
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Appendix C: Flow Properties of Varying Combustors 
The following set of graphs support the discussion in Chapter 4 (Results section) of the report. 
Figure C.1 displays the results from the original solver for a constant area combustor, with 
frictionless flow and no fuel injected.  
 
Figure C.1: Original solver results for frictionless flow in a constant area combustor with no fuel addition. 
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Figure C.2 identifies the flow properties from executing the original code for frictional flow in 
a constant area combustor with no addition of fuel. 
 
Figure C.2: Original solver results for frictional flow in a constant area combustor with no fuel addition. 
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Figure C.3 identifies the frictional flow properties in a constant area combustor with no fuel 
addition from the original solver with the addition of formation enthalpies. Note that a similar 
figure (if not the same) can be found in [8]. However, Figure C.3 was generated from running 
the original solver with the addition of formation enthalpies.  
 
Figure C.3: Original solver results (with formation enthalpies) for frictional flow in a constant area combustor 
with no fuel addition. 
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Presented in Figure C.4 is the frictionless flow properties in a constant area combustor with no 
fuel addition. The results include the addition of formation enthalpies in the original solver. 
Note that a similar figure (if not the same) can be found in [8]. However, Figure C.4 was 
generated from running the original solver with the addition of formation enthalpies. 
 
Figure C.4: Original solver results (with formation enthalpies) for frictionless flow in a constant area combustor 
with no fuel addition. 
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Table C.1 identifies the flow properties at the end of the combustor for different configurations 
the Mach 12 REST area and constant area with fuel injection and the inclusion of friction. The 
table compares properties from the modified solver and the original solver with the addition of 
formation enthalpies.  
Table C.1: Compares fuelled combustor exit frictional flow properties of the modified solver to the original 
solver with formation enthalpies. 
Flow Property 
Mach 12 REST Area Constant Area 
Modified 
Solver 
Original Solver 
(with ℎ𝑓𝑖) 
Modified 
Solver 
Original Solver 
(with ℎ𝑓𝑖) 
Velocity, 𝑽𝒄 (m/s) 2968.19 2967.08 2677.98 2685.12 
Density, 𝝆𝒄 (kg/m
3) 0.0532 0.0533 0.1182 0.1178 
Pressure, 𝒑𝒄 (kPa) 40.623 39.877 109.088 106.742 
Temperature, 𝑻𝒄 (K) 2640.84 2591.39 3194.77 3134.41 
Mach Number, 𝑴𝒄 2.791 3.032 2.348 2.500 
Mass Flow Rate, ?̇?𝒄 
(kg/s) 
0.5445 0.5445 0.5445 0.5445 
Stagnation enthalpy, 
𝒉𝟎,𝒄 (kJ/kg) 
7334.27 7646.83 7579.33 7914.79 
𝒀𝑶𝟐 0.0522 0.0522 0.0476 0.0475 
𝒀𝑯𝟐𝑶 0.1130 0.1158 0.1054 0.1101 
𝒀𝑶𝑯 0.0333 0.0319 0.0432 0.0412 
𝒀𝑶 0.0216 0.0204 0.0237 0.0216 
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Table C.2 identifies the flow properties at the combustor exit for a constant area combustor with 
no fuel addition. The table compares frictional and frictionless flow properties between the 
modified solver and the original solver with the inclusion of formation enthalpies.  
Table C.2: Compares non-fuelled combustor exit flow properties of the modified solver to the original solver 
with formation enthalpies. 
Flow Property 
Frictional Flow Frictionless Flow 
Modified 
Solver 
Original Solver 
(with ℎ𝑓𝑖) 
Modified 
Solver 
Original Solver 
(with ℎ𝑓𝑖) 
Velocity, 𝑽𝒄 (m/s) 2888.57 2893.52 3027 3027 
Density, 𝝆𝒄 
(kg/m3) 
00.1072 0.1070 0.1023 0.1023 
Pressure, 𝒑𝒄 (kPa) 60.994 59.437 44.502 44.502 
Temperature, 𝑻𝒄 
(K) 
1968.82 1921.86 1505.32 1505.32 
Mach Number, 
𝑴𝒄 
3.217 3.407 3.782 4.011 
Mass Flow Rate, 
?̇?𝒄 (kg/s) 
0.5329 0.5329 0.5329 0.5329 
Stagnation en-
thalpy, 𝒉𝟎,𝒄 
(kJ/kg) 
6103.83 6300.75 5937.18 6120.61 
𝒀𝑶𝟐 0.21 0.21 0.21 0.21 
𝒀𝑯𝟐𝑶 0 0 0 0 
𝒀𝑶𝑯 0 0 0 0 
𝒀𝑶 1.3868×10
-8 7.0796×10-9 1.0455×10-11 1.0455×10-11 
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Appendix D: Flow Property Profiles of Bézier Models 
Figure D.1 identifies flow properties from a 7-point Bezier curve to model the combustor area 
profile with friction and fuel addition. The 7 control points are equally spaced along the com-
bustor length, with the first point secured at the inlet with the same area as the Mach 12 REST 
inlet, and the final point set to be the same as the Mach 12 REST outlet area. The remaining 5 
points have the same value as the inlet area. 
Figure D.2 identifies flow properties from a 12-point Bezier curve to model the combustor area 
profile with friction and fuel addition. The 12 control points are equally spaced along the com-
bustor length, with the first point secured at the inlet with the same area as the Mach 12 REST 
inlet, and the final point set to be the same as the Mach 12 REST outlet area. The remaining 10 
points have the same value as the inlet area. 
Figure D.3Figure D.1 identifies flow properties from a 12-point Bezier curve to model the 
combustor area profile with friction and fuel addition. The first point is located at the inlet with 
the same area as the Mach 12 REST case, and the final point is at the combustor outlet with the 
same area as the outlet Mach 12 REST profile. Although the 12 control points are equally 
spaced along the combustor length and of the remaining 10 points, the first 9 points have the 
same area as the inlet, and the last 10th point has the same area as the outlet. This created the s-
shape curve shown in Figure D.3.  
The location along the combustor length and the corresponding area values for each control 
point can be seen in Table D.1. Recall that 𝐴𝑖 is the assumed combustor inlet area correspond-
ing to 1.721× 10−3m2 and 𝐴𝑐 is the combustor outlet area with a value of 3.442× 10
−3m2. 
These were considered the structure limitations of the inlet and outlet of the scramjet, with no 
constraints on the area profile between the outer points.   
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Table D.1: Location of control points on the Bézier curve and their corresponding areas. 
 
The values of 𝐴9, 𝐴10 and 𝐴11 are shown in Equations 36, 37 and 38, respectively. Here, 𝐿1 is 
the length of the constant area (215.67 mm) and 𝐿2 is the length of the diverging section (121 
mm).  
 
𝐴9 = (𝑥9 − 𝐿1)
(𝐴2 − 𝐴1)
𝐿2
+ 𝐴1 (36) 
 
𝐴10 = (𝑥10 − 𝐿1)
(𝐴2 − 𝐴1)
𝐿2
+ 𝐴1 (37) 
 
𝐴11 = (𝑥11 − 𝐿1)
(𝐴2 − 𝐴1)
𝐿2
+ 𝐴1 (38) 
 
 Position Area (m2) 
Point Variable, 
𝑥 
Location for 
7 points (m) 
Location for 12 
points (m) 
7-point 
Bézier 
12-point 
Bézier 
12-point s-
curve Bézier 
1 𝑥1 0 0 𝐴𝑖 𝐴𝑖 𝐴𝑖 
2 𝑥2 0.0561 0.0306 𝐴𝑖 𝐴𝑖 𝐴𝑖 
3 𝑥3 0.1122 0.0612 𝐴𝑖 𝐴𝑖 𝐴𝑖 
4 𝑥4 0.1683 0.0918 𝐴𝑖 𝐴𝑖 𝐴𝑖 
5 𝑥5 0.2244 0.1224 𝐴𝑖 𝐴𝑖 𝐴𝑖 
6 𝑥6 0.2806 0.1530 𝐴𝑖 𝐴𝑖 𝐴𝑖 
7 𝑥7 0.3367 0.1836 𝐴𝑐 𝐴𝑖 𝐴𝑖 
8 𝑥8 - 0.2142 - 𝐴𝑖 𝐴𝑖 
9 𝑥9 - 0.2449 - 𝐴9 𝐴𝑖 
10 𝑥10 - 0.2755 - 𝐴10 𝐴𝑖 
11 𝑥11 - 0.3061 - 𝐴11 𝐴𝑐 
12 𝑥12 - 0.3367 - 𝐴𝑐 𝐴𝑐 
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Figure D.1: Flow properties of a 7-point (equally spaced) Bézier curve combustor area with friction and fuel ad-
dition. 
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Figure D.2: Flow properties of a 12-point (equally spaced) Bézier curve combustor area with friction and fuel 
addition. 
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Figure D.3: Flow properties of a 12-point (equally spaced, s-shaped) Bézier curve combustor area with friction 
and fuel addition. 
